FIMAPLHET TE FREMT (T°M)
DEPARTMENT OF EDUCATION (S)

Government of Manipur

CHAPTER 7
TRIANGLES

» Congruent Figures: Two plane figures are congruent if they have the same shape and the same size.
» Similar Figures: Two figures having the same shape but not necessary the same size are called
similar figures.
All congruent figures are always similar but similar figures need not be congruent.
» Similar Polygons: Two polygons having the same number of sides are similar, if
a) their corresponding angles are equal and

b) their corresponding sides are in the same ratio.

SOLUTIONS
EXERCISE 7.1

Fill in the blanks using the correct word given in brackets:

@) All circles are (congruent, similar).
Ans: All circles are similar.
(ii) All circles of same radii are (congruent, not congruent).

Ans: All circles of same radii are congruent.

(iii)  All squares are (similar, congruent).

Ans: All squares are similar.

(iv) Al triangles are similar (isosceles, equilateral).

Ans: All equilateral triangles are similar.
V) The reduced and enlarged photographs of an object made from the same negative are

(similar, congruent).

Ans: The reduced and enlarged photographs of an object made from the same negative are

similar.
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2. State true or false:

(i) All similar figures are congruent.
Ans: FALSE

(ii) All congruent figures are similar.
Ans: TRUE

(iii)  All triangles are similar.
Ans: FALSE

(iv)  All equilateral triangles are similar.
Ans: TRUE

v) All rectangles are similar.
Ans: FALSE

(vi)  All squares are not similar.
Ans: FALSE

(vii) Two photographs of the same size of the same person, one at the age of 10 years and the
other at the age of 60 years are similar.

Ans: FALSE

fkdehk

» Similar Triangles: Two triangles are similar, if
a) their corresponding angles are equal and
b) their corresponding sides are in the same ratio.
» Theorem 7.1
Basic Proportionality Theorem (or Thale’s Theorem):
If a line is drawn parallel to one side of a triangle intersecting the other two sides, then it
divides the other two sides in the same ratio.
» Theorem 7.2
Converse of Basic Proportionality Theorem:
If a line divides two sides of a triangle in the same ratio, then the line is parallel to the

third side.
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SOLUTIONS
EXERCISE 7.2
1. Prove that any line drawn parallel to the sides of a trapezium divides the oblique sides
proportionally.
Solution: /A D\
E F
0]
B C

Given: A trapezium ABCD in which AD || BC. EF is drawn parallel to AD and BC intersecting the

oblique sides AB and CD at E and F respectively.

To prove: AE S RE
p ‘BE CF

Construction:  AC is joined intersecting EF at O.

Proof: In AABC, EO || BC
L (1) [By Basic Proportionality Theorem)
BE Cco
Again in AADC, FO || AD,
% = g ————————————— (2) [By Basic Proportionality Theorem)
From (1) and (2), we get
AE _ DF
BE CF

Hence proved.

2.  Prove that the line drawn from the mid-point of one side of a triangle parallel to another side
bisects the third side.

Solution: A

VAN

B C

Given: A AABC in which D is the mid-point of side AB and DE || BC meets AC at E.
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Qaraa,
To prove: DE bisects AC.

Proof: We have, AD=BD
In AABC, DE || BC

L AD _ AE [By Basic Proportionality Theorem]
BD  CE
AE _
=>1== [AD =BD]
= AE=CE

Hence, DE bisects AC.

Any point X inside a AABC is joined to the vertices. From a point P on AX, PQ is drawn parallel
to AB meeting XB at Q and QR is drawn parallel to BC meeting XC at R. prove that PR || AC.

Solution:

Given: A AABC and a point X inside it. X is joined to the vertices A, B and C. P is a point on

AX.PQ | AB and QR || BC.
To prove: PR || AC

Construction: PR is joined.

Proof: In AAXB, PQ || AB.

. E _ Q _____________ . - .
“PAT QB (1) [By Basic Proportionality Theorem)

Again in ABXC, QR || BC,
. XQ _ XR
QB RC
From (1) and (2), we have
XP _ XR
PA~ RC
~ PR divides the sides AX and CX of the AAXC in a same ratio.

————————————— (2) [By Basic Proportionality Theorem)

Hence, by the converse of Basic Proportionality Theorem, we have PR || AC.
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Let ABC be a triangle and D, E be two points on side AB such that AD= BE. If
DP || BC and EQ || AC, where P and Q lies on AC and BC respectively. Prove that PQ || AB.

Solution:
A
D P
E
B Q C
Given: In AABC, D and E are two points on side AB such that AD= BE. DP || BC and EQ ||

AC, where P and Q lies on AC and BC respectively.

To prove: PQ Il AB
Proof: We have, AD= BE
= AD + DE =BE + DE

= AE=BD
In AABC, we have DP || BC and EQ || AC.
=~ By Basic Proportionality Theorem

AD AP
3D = op 7Y (1)
BE _ BQ
and A Co
AD_BQ A= _
:E_CQ (2) ["AD=BE and AE = BD]
P BQ

A
From(1) and (2), we get ¢ -
i.e. PQ divides the sides AC and BC of the AABC in a same ratio.
~ PQ || AB [ By converse of Basic Proportionality Theorem]

Hence proved.
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5. ABCD is a quadrilateral. P, Q, R and S are the points on the sides AB, BC, CD and DA
respectively such that AP : PB = AS : SD = CQ : QB = CR : RD. Prove that PQRS is a

parallelogram.

Solution:

Given: ABCD is a quadrilateral. P, Q, R and S are the points on the sides AB, BC, CD and
DA respectively such that AP : PB=AS : SD=CQ : QB=CR : RD.

To prove: PQRS is a parallelogram.
Construction: AC and BD are joined.
Proof: We have, AP : PB=AS :SDand CQ : QB=CR : RD
=~ PS [ BD and QR || BD [ By converse of Basic Proportionality Theorem]
i.e. PS I QR
Again, AP : PB=CQ: QB and AS: SD=CR : RD
=~ PQ |l AC and SR || AC [ By converse of Basic Proportionality Theorem]
re. PQ Il SR
Now, the opposite sides of the quadrilateral PQRS are parallel.

Hence, PQRS is a parallelogram.
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6. On three line segments OA, OB and OC, points L, M, N respectively are so chosen that LM || AB

and MN || BC but neither L, M, N nor A, B, C are collinear. Show that LN || AC.

Solution:
B C
Given: On three line segments OA, OB and OC, points L, M, N respectively are so chosen
that LM || AB and MN || BC but neither L, M, N nor A, B, C are collinear.
To prove: LN || AC
Proof: In AAOB, LM || AB
g O] .- (1) [By Basic Proportionality Theorem)
AL BM
Again, in ABOC, MN || BC
o o AL - (2) [By Basic Proportionality Theorem)
BM  CN
From (1) and (2), we get
oL _ ON
AL CN

i.e. LN divides the sides OA and OC of AAOC in a same ratio.
~ LN || AC [ By converse of Basic Proportionality Theorem]
Hence proved.
7.  Three or more parallel lines are intersected by two transversals. Prove that the intercepts made
by them on the transversals are proportional.

Solution:

3

A
Q
NY
/

v v
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Given: Three parallel lines [, m and n are intersected by two transversals p and q at A, B, C

and D, E, F respectively.

AB _ DE

To prove: =
p BC EF

Construction:  AF is joined intersecting m at O.

Proof: In AACF, BO || CF.
— = — - (1) [By Basic Proportionality Theorem)

Again in AAFD, OE || AD,
A0 _ DE
" OF  EF
From (1) and (2), we have
AB _ DE
BC  EF

————————————— (2) [By Basic Proportionality Theorem)

Hence proved.
8. ABCD is a parallelogram and P is a point on the side BC. DP when produced meets AB
produced at L, prove that

. DP _ DC . DL _ AL
) PL  BL i DP _ DC
Solution:
D C
P
A B L
Given: ABCD is a parallelogram and P is a point on the side BC. DP when produced meets
AB produced at L.
. DP _ DC . DL _ AL

To prove: @) L= BL (ii) p = e
Proof:

(i) We have, AD|IBC i.e. AD|IBP

_PL _ BL
“DP AB
DP _ AB

PL BL

% = % [Being opposite sides of a parallelogram, AB=DC]

[By Basic Proportionality Theorem)
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(ii) In AABL, we have BP || AD
PL BL . . .
“5p = B [By Basic Proportionality Theorem)

PL BL
:>§+1_E+1

PL+DP _ BL+AB

DP ~  AB
DL AL
DP _ AB
DL _ AL

“3p = pc |Beingopposite sides of a parallelogram, AB=DC]

9. InaAABC, D and E are points on the sides AB and AC respectively, such that AD X EC = AE X

DB. DE | BC.
Solution:
A
P S
B / C
Given: In a AABC, D and E are points on the sides AB and AC respectively, such that
AD X EC = AE X DB.
To prove: DE || BC
Proof: We have, AD X EC = AE X DB
4D _ ¢k
DB EC

i.e. DE divides the sides AB and AC of AABC in a same ratio.
~ DE || BC [ By converse of Basic Proportionality Theorem]

Hence proved.

10. The side BC of a triangle ABC is bisected at D. O_is any point on AD. BO and CO produced
meet AC and AB at E and F respectively and AD._is produced to X so that D is the mid-point of
OX. Prove that AO : AX = AF : AB and show'that FE|BC.

Solution:
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Given: The side BC of a AABC is bisected at D. O is any point on AD. BO and CO produced
meet AC and AB at E and F respectively and AD is produced to X so that D is the
mid-point of OX.

To prove: AO: AX=AF: AB and FE || BC.

Construction: BX and CX are joined.

Proof: We have, BD = CD and DO = DX
i.e. the diagonals of the quadrilateral BOCX bisect each other,
Then BOCX is a parallelogram.
~ OC| BX1i.e. FO || BX
Now, in the AABX, FO || BX

% = % ------------- (1) [ By Basic Proportionality Theorem]
oX _FB
A0 ~ AF

0X FB
:>E+1_E+1

OX+AO _ FB+AF

AO AF
AX _ AB
A0  AF
AO _ AF
AX AB

~AO: AX=AF:AB

Again, OB || CX i.e. EO || CX
In the AACX, EO || CX

% = ?—E ————————————— (2) [ By Basic Proportionality Theorem]|
From (1) and (2), we have

AF _ AE

FB  CE

i.e. FE divides the sides AB and AC of AABC in a same ratio.
~ FE || BC [ By converse of Basic Proportionality Theorem]

Hence proved.

Page | 10



FIMAPLHET TE FREMT (T°M)
DEPARTMENT OF EDUCATION (S)

Government of Manipur

11. P is the mid-point of the side BC of a triangle ABC and Q is the mid-point of AP. If BQ, when

produced meets AC at L, prove that LA = %CA.

Solution:
A
L
B P C
Given: P is the mid-point of the side BC of a AABC and Q is the mid-point of AP. BQ when
produced meets AC at L.
To prove: LA = §CA
Construction: PM || BL is drawn to meet AC at M.
Proof: In AAPM, PM || QL
LAQ _ 1A - ‘onali
& \N [ By Basic Proportionality Theorem]
1= % [-Q is the mid-point of AP i.e. AQ = PQ]
[N 1 Q— (1)
In ABCL, PM || BL
% = % [ By Basic Proportionality Theorem]
=>1= % [P is the mid-point of the side BC i.e. BP = CP]
1 R ol — 2)
From (1) and (2), we get
LA=LM =CM

We know, LA+ LM + CM = CA
=>LA+LA+LA=CA
= 3LA=CA

~ LA = %CA

Hence proved.
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12. Two triangles ABC and DBC lie on the same side of BC. From a point P on BC, PQ is drawn
parallel to BA and meeting AC at Q. PR is also drawn parallel to BD meeting CD at R. Prove

that QR || AD.
Solution:
A
b
Given: AABC and ADBC are on the same side of BC. From a point P on BC, PQI|IBA and
PRI|IBD are drawn to meet AC at Q and CD at R respectively.
To prove: QR | AD
Proof: In AABC, PQ || BA
= - I By Basic Proportionality Th
“BP A T @) [ By Basic Proportionality Theorem]
In ADBC, PR || BD
CP _ CR . . .
B ) [ By Basic Proportionality Theorem]
BP DR
From (1) and (2), we have
o _ CR
AQ DR

i.e. QR divides the sides CA and CD of AACD in a same ratio.
Hence, by converse of Basic Proportionality Theorem, we get QR || AD.

dookeoskokosk ok ok
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» Theorem 7.3

The internal bisector of an angle of a triangle divides the opposite sides internally in the

ratio of the other two sides.

SOLUTIONS
EXERCISE 7.3

1. AD is a median of AABC. The bisectors of ZADB and ZADC meet AB and AC at E and F
respectively. Prove that EF||BC.

Solution:
A
E
B D C
Given: AD is a median of AABC. The bisectors of ZADB and ZADC meet AB and AC at E
and F respectively.
To prove: EF(IBC
Proof: We have, AD is a median of AABC.
~BD=CD
In AABD, DE is the internal bisector of ZADB.
JAE _AD
“BE~ BD (1)
In AADC, DF is the internal bisector of ZADC.
. AF _ AD,
“cF T cD
AF AD
e (2) [ CD=BD]
From (1) and (2), we get
AE _ AF
BE ~ CF

i.e. EF divides AB and AC of AABC in a same ratio.
~ EF|IBC [ by converse of Basic Proportionality Theorem]

Hence proved.
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2. If the bisector of an angle of a triangle bisects the opposite side, prove that the triangle is

isosceles.
Solution:
A
B C
D
Given: A AABC in which the bisector AD of £A bisects the opposite side BC.
To prove: AABC is isosceles.
Proof: In AABC, AD bisects ZA and the side BC.
~BD =CD

And % = %

52 =1

= AB = AC

Hence, AABC is isosceles.
3. In AABC, the bisector of /B meets AC at D. A line PQ is drawn parallel to AC meeting AB,
BC and BD at P, Q and R respectively. Show that
(i) PR x BQ=QR x BP (ii) AB X CQ=BC X AP

Solution:
A
P
D
B Q C
Given: In AABC, the bisector of Z/B meets AC at D. A line PQ is drawn parallel to AC
meeting AB, BC and BD at P, Q and R respectively.
To prove: (1) PR X BQ=QR x BP (i) AB x CQ=BC x AP
Proof: (1) In ABPQ, BR bisects £/B.

22 =28 5 PR x BQ=QR X BP

““BP T PR
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(i) In AABC, PQIIAC

AB _ BC . N
i [ by Basic Proportionality Theorem]

= AB x CQ =BC x AP

4. If the medians of a triangle are the bisectors of the corresponding angles of the triangle, prove

that the triangle is equilateral.

Solution:
A
F E
B D C
Given: AABC in which the medians AD, BE and CF are the bisectors of the corresponding
angles ZA, /B and ZC respectively.
To prove: AABC is an equilateral.
Proof: We have AD, BE and CF are the medians of AABC.

~ BD = CD, CE = AE and AF = BF
Also, AD and BE are the bisectors of ZA, ZB and ZC respectively.

_BD _ AB
cD ~ AC

From (1) and (2), we get AB = BC = AC
Hence, AABC is an equilateral.

Page | 15



5. The bisectors of the angl

FIMEKRT TF FREOT (T°m)

L avga)) Government of Manipur

respectively. If ED||BC, prove that the triangle is isosceles.

Solution:

Given:

To prove:

Proof:

DEPARTMENT OF EDUCATION (S)

es ZB and ZC of a triangle ABC meet the opposite sides at D and E

In AABC, the bisectors of Z/B and £C meet the opposite sides at D and E respectively

and ED||IBC.
AABC is isosceles.
BD is the internal bisector of /B.

.AD _ 4B
“¢p BC
CE is the internal bisector of ZC.
LA _Ac
“"BE~ BC
But, in AABC, ED||BC
g—i = g—g [by Basic Proportionality Theorem]
AC _ AB
BC  BC
= AB = AC

Hence, AABC is isosceles.
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» Criteria for similarity of triangles
e Theorem 7.4 (AAA similarity)

If the corresponding angles of two triangles are equal, then the triangles are similar.

e Theorem 7.5 (SSS similarity)

If the corresponding sides of two triangles are in the same ratio, then the triangles are similar.

e Theorem 7.6 (SAS similarity)
If one angle of a triangle is equal to one angle of another triangle and the sides including these
angles are in the same ratio, the triangles are similar.
e Theorem 7.7
If a perpendicular is drawn from the vertex of the right angle of a right triangle to the
hypotenuse, the triangles on each side of the perpendicular are similar to the whole triangle and to

each other.

SOLUTIONS
EXERCISE 7.4
1. If two triangles are similar, prove that the corresponding
(i) medians are proportional.
(ii) altitudes are proportional.

Solution:

(1)
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Given:

To prove:

Proof:

(i)

FIMAPLHET TE FREMT (T°M)
DEPARTMENT OF EDUCATION (S)

Government of Manipur

AABC~ADEF. AP, BQ, CR and DL, EM and FN are the corresponding medians of

the triangles ABC and DEF.

AP _BQ _ CR
DL EM FN

AB _ BC

We have, oE = EF ["AABC~ADEF]
AB _ 2BP
DE  2EL
AB _ BP
DE  EL

In AABP and ADEL, we get
AB _ BP
DE  EL

and /B = ZE ["AABC~ADEF]
~ AABP ~ADEL  [by SAS similarity]

AB _ AP
T -~ (1

Similarly, ABCQ ~ AEFM
BC _ BQ
SO [ == (2)

and AACR ~ ADFN
AC _ CR
" AT — 3)
AB _BC _ AC
But e NV A e e o (4) ["AABC~ADEF]

From (1), (2), (3) and (4), we have
AP _ BQ _ CR
DL EM FN

Hence proved.
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AABC~ADEF. AP, BQ, CR and DL, EM and FN are the corresponding altitudes of

Given:
the triangles ABC and DEF.
., AP_BQ_CR
To prove: oL EM — FN
Proof: In AABP and ADEL, we get
Z/APB = /DLE (=90%
and /B = /E [-:AABC~ADEF]
~ AABP ~ADEL  [by AA similarity]
AB _ AP
- NI (1)
Similarly, ABCQ ~ AEFM
BC_BQ
EF  EM 2
and AACR ~ ADFN
AC _ CR
T - (3)
Butie =2C_4C .. (4) [~AABC~ADEF]
DE EF DF

From (1), (2), (3) and (4), we have

AP _BQ _CR
DL EM FN

Hence proved.

2. ABCD is a parallelogram and E is the mid-point of AB. If F is the point of intersection of DE

and (B_C), prove that BC = BF.

Solution:
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Given: ABCD is a parallelogram and E is the mid-point of AB. F is the point of intersection
of DE and BC.
To prove: BC =BF
Proof: In AAED and ABEF, we have
Z/DAE = ZFBE [being pair of alternate angles]
and ZAED = ZBEF [being vertically opposite angles]

~ AAED ~ABEF  [by AA similarity]

AE _ AD
Then, — = —
BE  BF

> 1 =22 [AE =BE]
= AD = BF [being opposite sides of a parallelogram, AD = BC]
~ BC =BF
3. ABC is an isosceles triangle in which AB = AC and D is a point on AC such that BC? = AC.CD.
Prove that BC = BD.

Solution:

B C
Given: ABCD is an isosceles triangle in which AB = AC and D is a point on AC such that

BC? = AC.CD.
To prove: BC=BD
Proof: We have, BC? = AC.CD

= BC.BC=AC.CD
BC _ AC

D BC
Thus, in AABC and ABDC, we have

BC _ AC
CD BC

and ZC=ZC [common angle]
~ AABC~ABDC [by AA similarity]

AB _ AC
BD BC

»BC = BD [*AB=AC]
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4. Ifin a triangle ABC, AD1BC and AD?> = BD.DC, prove that /BAC =90°.
Solution:
B
D
A C
Given: In AABC, AD1BC and AD? = BD.DC.
To prove:  ZBAC=90°
Proof: We have, AD? = BD.DC
= AD.AD =BD.DC
BD _ AD
AD ~ DC
Thus, in ABDA and AADC, we have
LY _ A0
AD  DC

and /BDA = ZADC [=90°]
~ ABDA~AADC [by SAS similarity]
= /BAD = ZACD
In AADC, we have

ZADC + ZACD + ZCAD = 180° [by angle sum property of triangle]

= 90° + ZACD + ZCAD = 180°  [being ADLBC, ZADC = 90°]

= / BAD + £ CAD =90°
~/BAC=90°

5. Find the height of a vertical tower which casts a shadow of length 36m at the time when the

shadow of a vertical post of length Sm is 3 m.

Solution:
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Let AB and DE respectively be the vertical tower and the vertical post. BC and EF be their
respective shadows.

Then, BC =36 m, DE=5mand EF =3 m
In AABC and ADEF, we have
ZABC = ZDEF  [=90°]
and ZACB = ZDFE (being measured at the same altitude of the sun)
~ ABDA~AADC [by AA similarity]

AB _ BC
DE  EF
AB _ 36
N 3
AB

>—=12
5

= AB =60m

Hence, the height of the tower is 60 m.

6. Prove that the line segment joining the mid-points of the sides of a triangle form four triangles,
each of which is similar to the original triangle.
Solution:

Given: AABC in which D, E and F are the mid-points of the sides BC, CA and AB

respectively.

To Prove: Each of the triangles AFE, FBD, EDC and DEF is similar to AABC.
Proof: We have, F and E are the mid-points of AB and AC.
~ FE|IBC [by mid-point theorem]
=/AFE = ZABC and ZAEF = ZC [being corresponding angles]

. AAFE~AABC [by AA similarity]
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Slmllarly, AFBD~AABC and AEDC~AABC
Again, DF||CA and DE|IAB i.e. DF||[EA and DE|IFA

~ AFDE is a parallelogram.
=/EDF = ZA
Similarly, BDEF is also a parallelogram.
=/DEF = /B
Now, in ADEF and AABC, we have
/EDF = ZA and ZDEF = /B
=~ ADEF~AABC [by AA similarity]
Thus, each of the triangles AFE, FBD, EDC and DEF is similar to AABC.

2 BC

7. In a AABC, DE is parallel to base BC with D on AB and E on AC. If % =3 find —.

DE

Solution:

VAR

AD 2. DB _ 3
We have, ' Sp =3¢ a5 T3 and DE||BC

~ ZABC = ZADE and ZACB = ZAED [being corresponding angles]
Then, AABC ~AADE [by AA similarity]

_BC _ AB
“DE 4D
BC _ AD+DB
DE 4D
BC _AD | DB
DE _ 4D E
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8. In a AABC, P and Q are points on AB and AC respectively such that PQ|IBC. Prove that

median AD bisects PQ.

Solution:
A
B D C
Given: In AABC, P and Q are points on AB and AC respectively such that PQ|IBC and

median AD intersects PQ at O.

To prove:  AD bisects PQ i.e. OP = 0Q
Proof: We have, BD = CD ['-AD is a median of AABC]

In AAOP and AADB, we have
ZAQOP = ZADB and ZAPO = ZABD [being corresponding angles]

~ AAPO ~AABD [by AA similarity]

OA  OP
o N i (1)
Similarly, AAOQ ~AADC
0A _ 0Q
N A )

From (1) and (2), we get

OoP _ 0Q
BD CD
~ OP=0Q ['BD =CD]

9. ABC is an isosceles triangle in which AB = AC. AD is drawn perpendicular to BC. From a
point E on CB produced, EF is drawn perpendicular to AC. Prove that AADC~AECF.

Solution:
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Given: ABC is an isosceles triangle in which AB = AC. AD is drawn perpendicular to BC.
From a point E on CB produced, EF is drawn perpendicular to AC.
To prove: AADC~AECF

Proof: In AADC and AECF, we have
ZADC = ZEFC (=90%
and Z/C=/C [common angle]
+ AADC~AECF [by AA similarity]

10. ABC is a right triangle right angled at B and D is the foot of the perpendicular drawn from B
on AC. If DM_1BC and DN_.LAB where M, N lie on BC, AB respectively, prove that
(i) DM? = DN x MC (ii) DN?> = DM x AN

Solution:
A
N D
B M c

Given: ABC is a right triangle right angled at B and BD_LAC also DM1BC and DN_LAB.
To prove: (i) DM2 = DN X MC (ii) DN? = DM x AN

Proof: We have, /MBN = /BMD = /BND =90°

. ZMDN =90°

So, BMDN is a rectangle.
=~ BM = DN and DM = BN
We know, ZDBN + ZDBM = 90° [-ZABC =90°]
and ZDBM + ZDCM = 90° [-£BDC =90°]
Then, /DBN + /DBM = /DBM + ZDCM (= 90°)
=/DBN = Z/DCM
Similarly, /DBM = ZDAN
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(1) In A DCM and A DBN, we have
ZDNB = £ DMC (=909
and Z DBN = Z DCM

~ A DBN ~A DCM [by AA similarity]
DN _ BN
DM  MC
DN _ DM
DM MC

= DM? = DN x MC
(ii))  In ADBM and ADAN, we have
/DMB = ZDNA (= 90°)
and Z/DBM = ZDAN

~ A DBM ~A DAN [by AA similarity]
DM _ BM
DN = AN
DM _ DN
DN = AN

= DN? = DM x AN
11. Through the vertex D of parallelogram ABCD, a line is drawn to intersect the sides BA

produced and BC produced at E and F respectively. Prove that A _FF_X
AE ~ BE (D
Solution:
A
B C F
Given: Through the vertex D of a parallelogram ABCD, a line is drawn to intersect the sides
BA produced and BC produced at E and F respectively.
AD _ BF _ CF
To prove: “E_BE_ CD
Proof: We have AD|IBC and DC||AB [being opposite sides of a parallelogram]

i.e. AD|IBF and DC||[EB
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Now, in AAED and ABEF, we have

ZEAD = ZEBF and ZEDA = ZEFB [being pairs of corresponding angles]

~ A AED ~A BEF [by AA similarity]
AD _ AE
BF  BE
= AD X BE = AE x BF
AD BF
D e (1)

Again, in ACDF and ABEF, we have
/FDC = ZFEB and ZFCD = ZFBE [being pairs of corresponding angles]

~ A CDF ~A BEF [by AA similarity]
cb _ c
BE BF
= CD X BF = CF X BE
BF _ CF
e S — )

Combining (1) and (2), we get
AD _ BF _ CF
AE  BE CD

12. The perimeters of two similar triangles ABC and PQR are respectively, 72 cm and 48 cm. If
PQ = 20 cm, find AB.
Solution: We have AABC~APQR

S BC _ AC 2
“PQ QR PR S(ay
=>AB =k.PQ, BC=k.QR and AC=k.PR

Perimeter of AABC _ 72
Perimeter of APQR T 48

AB+BC+AC _ 3

PQ+QR+PR 2

And

kPQ+kQR+kPR _ 3
PQ+QR+PR 2

k(PQ+QR+PR) _ 3
PQ+QR+PR 2

3
=>k==
2

Then, AB = % X 20 cm

=>AB=3X%x10cm
~AB =30cm
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13. Two right triangles ABC and DBC are drawn on the same hypotenuse BC and on the same side
of BC. If AC and BD intersect at P, prove that AP X PC = BP x PD.

Solution:
A
D
>
B C
Given: Two right triangles ABC and DBC are on the same hypotenuse BC and on the same
side of BC. AC and BD intersect at P.
To prove: AP X PC = BP X PD
Proof: In AAPB and ADPC, we have

ZBAC = ZCDB (= 90°)
and ZAPB = ZDPC [being vertically opposite angles]

~ AAPB ~ADPC [by AA similarity]
aP R
PD ~ PC

~ AP X PC = BP X PD

14. If one angle of a triangle is equal to one angle of another triangle and the bisectors of these
equal angles divide the opposite sides in the same ratio, proye that the triangles are similar.

Solution:
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Given: AABC and ADEF in which ZA = ZD. AP and DQ are the bisectors of ZA and ZD
respectively, such that > 5 = E—g
To prove: AABC ~ADEF
Proof: We have AP and DQ are the bisectors of ZA and ZD.
.BP_AB  qEQ_DE
“cp . acam FQ DF
But % = % [given]
AB _ DE
AC ~ DF
Now, in AAPB and ADPC, we have
W and ZA = /D

- AABC ~ADEF [by SAS similarity]

15. If two triangles are equiangular, prove that the ratio of the corresponding sides is same as the

ratio of the corresponding altitudes.

Solution:
A
D
B M C E N F
Given: AABC and ADEF in which ZA = ZD, /B = ZE and ZC = ZF. AM and DN are
corresponding altitudes of AABC and ADEF.
AB _ AM
To prove: DE = DN
Proof: In AABM and ADEN, we have
/B=/E (given)
and ZAMB = Z/DNE (=909
~ AABM ~ADEN [by AA similarity]
AB _ AM
DE DN
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16. If two triangles are equiangular, prove that the ratio of the corresponding sides is same as the

ratio of the corresponding angle bisector segments.

Solution:
A
D
B M C E N F
Given: AABC and ADEF in which ZA = /D, /B = ZE and ZC = ZF. AM and DN are the
bisectors of ZA and £D respectively.
AB _ AM
To prove: oF S
Proof: In AABM and ADEN, we have
/B=/E (given)
and ZBAM = ZEDN [:5 ZA = £D]
~ AABM ~ADEN [by AA similarity]
M
DE DN
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» Areas of Similar Triangles

Theorem 7.8 The ratio of the areas of two similar triangles is equal to the ratio of the squares of their

corresponding sides.

SOLUTIONS
EXERCISE 7.5

1. If the areas of two similar triangles are equal, prove that they are congruent.

Solution:
A
B C E F
Given: AABC ~ADEF and ar(AABC) = ar(ADEF)
To prove: AABC = ADEF
Proof: We have AABC ~ADEF

Th ar(ADEF) _ ABZ _ BC? _ AC?
>ar(AABC)  DE2  EF?2  DF2

ABZ _ BC?  AC?
DEZ  EF2  DFZ2

= AB? = DE?, BC? = EF?, AC? = DF?
= AB = DE, BC = EF, AC = DF
~ AABC = ADEF [by SSS congruence]

=>1=
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2. If D, E, F are respectively the mid-points of the sides BC, CA, AB of a AABC, prove that

ar(ADEF) 1
ar(AABC) 4
Solution:
A
B D C
Given: D, E, F are respectively the mid-points of the sides BC, CA, AB ofa AABC.
. ar(ADEF) 1

To prove: ar(AABC) | 4
Proof: We have D, E, F are respectively the mid-points of the sides BC, CA, AB.

~ DE = %AB, EF = %BC and DF = %CA. [by mid-point theorem]

lLe.—=-,—=-an
AB 2°BC 2

i o DE_ EF _ DF
" AB~ BC cA

~ AABC ~ADEF [by SSS similarity]

DE _1 EF _1. 4DF
CA

ar(ADEF) _ DE? _ EF? _ DF?
ar(AABC) ~ ABZ ~ BCZ  AC2?

_, ar(ADEF) _ (£)2 _ (1)2
ar(AABC) ~ \4aB/ ~ \2

Then,

,ar(ADEF) _ 1
" ar(AABC) 4

3. Prove that the areas of two similar triangles are in the ratio of the square of the corresponding

altitudes.

Solution:
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AP, BQ, CR and DL, EM, FN are the altitudes of two similar triangles ABC and DEF.

ar(AABC) _ AP2 _ BQ? _ CR?

ar(ADEF) _ DL _ EM2 _ FN2
In AABP and ADEL, we have
/B=/E ["AABC ~ADEF]
and ZAPB=/DLE (= 90°)
~ AABP ~ADEL [by AA similarity]
Prol AP
DE DL

. A BC _ BQ AC _ CR
Similarly, — = —and — = —

EF EM DF FN
ar(AABC) _ AB?  BC? _ AC?

> ar(ADEF)  DE2 EF?2 _ DF? ["AABC ~ADEF]

We know

_ar(AABC) _ AP? _ BQ? _ CR?
" ar(ADEF)  DLZ EM2  FN2

4. Prove that the areas of two similar triangles are in the ratio of the square of the corresponding

medians.

Solution:

Given:
To prove:

Proof:

AP, BQ, CR and DL, EM, FN are the medians of two similar triangles ABC and DEF.

ar(AABC) _ AP2 _ BQ?  CR?
ar(ADEF)  DLZ EM2  FN2

In AABP and ADEL, we have

AB _ BC

= [-*AABC ~ADEF]
DE EF

AB 1.BC

— 2

DE %,Ep

AB BP
= —
DE EL
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and /B = ZE ["AABC ~ADEF]

~ AABP ~ADEL [by SAS similarity]
4B _ ap
DE DL

I BC _ BQ AC _ CR
Similarly, — = —and — = —

EF EM DF  FN
ar(AABC) _ AB? _ BC?2 _ AC?

We know =—=—
> ar(ADEF)  DE2  EF?  DF2

_ar(AABC) _ AP?  BQ* _ CR?
" ar(ADEF) DL2 EM2  FN2

DEPARTMENT OF EDUCATION (S)

[-:AABC ~ADEF]

5. Prove that the area of the equilateral triangle described on the side of a square is half the area

of the equilateral triangle described on its diagonal.

Solution:
A D
P
B C
Q
Given: ABCD is a square. ABP and BDQ are equilateral triangles.
To prove: ar(AABP) = % X ar(A BDQ)
Proof: In the right AABD, we have

AB? + AD? = BD? [by Pythagoras Theorem]
= AB? + AB? = BD?
= 2.AB? = BD?
We know equilateral triangles are similar.

So, AABP ~ABDQ

ar(AABP) _ AB?
ar(ABDQ)  BD2
ar(AABP) _ AB?
ar(ABDQ) ~ 2.AB2

ar(AABP) 1

ar(ABDQ) 2

» af(AABP) =~ X ar(A BDQ)
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» Theorem 7.9 (Pythagoras Theorem)

In a right triangle the square of the hypotenuse is equal to the sum of the squares

of the other two sides.

» Theorem 7.10 (Converse of Pythagoras Theorem)

In a triangle, if the square of one side is equal to the sum of the squares of the

remaining two, the angle opposite to the first side is a right angle.

SOLUTIONS
EXERCISE 7.6
1. Sides of triangles are given below. Determine which of them are right triangles.
(i) 3cm, 4cm, Scm (ii) Sem, 12¢m, 13cm (iii) 4cm, Secm, 7cm
(iv) 8cm, 11cm, 15¢m (v) 9cm, 40cm, 41cm

Solution: (i) Let AB=3cm, BC =4cm and CA = 5cm
We have, AB? = 32 = 9; BC? = 4?> = 16 and CA? = 5% = 25
Here, AB? + BC? = CA?
Thus, ABC is a right triangle.
(1i1)) We have,
52+ 122 =25+ 144 = 169 = 132
Hence, the triangle is a right triangle.
(iii) We have, 4% + 52 = 16 + 25 = 41 # 72
Hence, the given triangle is not a right triangle.
(iv) We have,
82+ 112 = 64 + 121 = 185 # 152
Hence, the triangle is not a right triangle.
(v) We have,
92 + 40% = 81 + 1600 = 1681 = 417

Hence, the triangle is a right triangle.
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2. A man goes 15m due west and then 8m due north. Find his distance from the starting point.

Solution:

Let A and C respectively be the starting point and the final point. B be the point to the west of A.
Then, AB = 15m, BC = 8m and /B =90°.

In the right AABC, we have B Lom A
AC? = AB? + BC? [by Pythagoras Theorem]
= AC? = 15% + 82 8m
= AC? = 225 + 64
= AC? = 289 ¢
= AC? = 172
~AC =17
Thus, the distance of the man from the starting point is 17m.
3. The length of a side of a rhombus is Scm and the length of one of its diagonals is 6cm. Find the

length of the other diagonal.

Solution:

B C
Let ABCD be the rhombus and O be the point of intersection of the diagonals.
Then, AB=BC =CD =DA = 5cm and AC = 6¢cm.
We know the diagonals of a rhombus bisect each other at right angles.

So, OA = OC =§>< 6cm = 3cm, 0B=0D=§>< BDi.e. BD =2.0B =2.0D

Now, in the right AAOB, we have
OB? + 0A? = AB? [by Pythagoras Theorem]|
= 0B? + 32 =57
= 0B%?+9 =25
= 0B? =16
= 0B2 =42
=>0B=4
~BD=2%x4=8

Thus, the length of the other diagonal is 8cm.
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4. A ladder 13m long reaches a window which is 12m above the ground on one side of a street
keeping its foot at the same point, the ladder is turned to other side of the street and it just
reaches a window 5m high. Find the width of the street.

Solution: Let AB be the width of the street. Let CD and CE respectively be the first and the second

positions of the ladder.
Then, CD = CE = 13m, AD = 12m, BE = 5m and /A = /B = 90°
In the right AACD, we have

AC? + AD? = CD? [By Pythagoras Theorem]

= AC? + 12?2 = 132 D
= AC? + 144 = 169
= AC? = 25 E
= AC? = 52 3cm 13c 12¢m
5cm
=>AC=5
In the right ABCE, we have B C A

BC? + BE? = CE? [By Pythagoras Theorem|
= B(C?% + 5% = 132
= BC? + 25 = 169

= BC? = 144
= B(C? = 122
=>BC=12

Now, AC+BC=5+12=17
Thus, the width of the street is 17m.

S. A ladder reaches 1m below the top of a vertical wall' when its foot is at a distance of 6m from
the wall. When the foot is shifted 2m nearer the wall, the ladder just reaches the top of the
wall; find the height of the wall.

Solution:
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Let AB be the wall; CD and BE respectively be the initial and the final positions of the ladder.
Then, AD = 6m, DE = 2m, AE = 6m - 2m = 4m, BC = Im, BE = CD and ZA =90°
In the right AACD, we have
CD? = AD? + AC? [By Pythagoras Theorem|
= CD? = 6% + (AB — BC)?
= CD? =36 + (AB — 1)?
= CD? = 36 + AB? — 2. AB + 12
= CD? =AB? —2.AB+ 37 ----reem- (1)
In the right AABE, we have
BE? = AE? + AB? [By Pythagoras Theorem|
= BE2 = 42 + AB?
= BE? = 16 + AB?
= CD? = AB? + 16 -—------meme- (2) ['BE = CD]
From (1) and (2), we have
AB? + 16 = AB2 — 2.AB + 37
= 2.AB=37-16
= 2.AB =21

= AB =2
2

= AB =10.5
Thus, the height of the wall is 10.5m.
6. Find the length of the altitude and area of an equilateral triangle having ‘a’ as the length of a
side.

Solution: ABC is an equilateral triangle, in which length of each side is ‘a’ and AD is an altitude.

Then, AB=BC=CA=4,BD=CD = % a and AD1BC.

In the right AABD, we have A
AD? + BD? = AB? [By Pythagoras Theorem]
2 a a
= AD* + (l a) = a*
2
= AD? + @ _ a’
4 B 1 D 1 C
a?® 2 a E a

= AD? = a* — —
4
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Thus, the length of the altitude is \/2_5 a.

Also, the area of the equilateral AABC = % X BC X AD = %a.ga = g a?

7. If D, E, F are the mid-points of the sides BC, CA, AB of a right AABC (rt. Zed at A)
respectively, prove that 3(AB% + BC? + CA?) = 4(AD? + BE? + CF?).

Solution:
C
E D
A F B
Given: D, E, F are the mid-points of the sides BC, CA, AB respectively of a right AABC
right angled at A.
To prove: 3(AB? + BC? + CA?) = 4(AD? + BE? + CF?)
Proof: As Z/BAC = 900, the circle drawn with centre D and diameter BC will pass through
A, B and C.
+ AD =BD=CD = BC (= radius)
2 _ (1 2
= AD? = (5 BC)
2
= AD? = %
= 4.AD? = BC? - (1)

In the right AABE, we have
BE? = AE? + AB? [By Pythagoras Theorem]

2
= BE? = (3 AC) + AB?
2
2
= BE? = % + AB?
= 4BE? = AC? + 4AB? oo - )
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U
In the right AACF, we have
CF? = AF? + AC? [By Pythagoras Theorem]
= CF? = (5 AB)2 +AC?
= cF? =22 4 Ac?
= 4CF% = AB? + 4AC? - 3)
Adding (1), (2) and (3), we get
4AD? + 4BE? + 4CF? = BC? + AC? + 4AB? + AB? + 4AC?
= 4(AD? + BE? + CF?) = BC? + AC? + 4AB? + AB? + 4AC?
= BC? + 5AB? + 5AC?
= BC? + 2(AB? + AC?) + 3(AB? + AC?)
= BC? + 2.BC? + 3(AB? + AC?)
= 3BC? + 3(AB% + AC?)
= 3(AB? + BC? + AC?)

8. In a right triangle ABC right angled at C, if p is the length of the perpendicular segment drawn
from C upon AB, then prove that
(i) ab = pc (ii)a—12+b—12=#,whereazBC,b=CAandc=AB.
Solution:
C
A D B
Given: ABC is a right triangle right angled at C and CD_LAB such that BC =a, CA =b,
AB=cand CD =p.
. 2 6F 1
To prove: (1) ab = pc (11) %+ = s
Proof: (1) In AABC and AACD, we have

ZA = ZA (common angle)
and ZACB = ZADC (= 90°)

~AABC~AACD [by AA similarity]
AB _ BC

CA cD
= CAXBC=A4B xCD

=>bXa=cXp
= ab = pc
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Qaraa,
(i1)) We have, ab = pc
ab
P

In AABC, we have
CA% + BC? = AB? [by Pythagoras Theorem]

= b% + a? = ¢?

=S c=

= b* +a* = (@)2

p

212

a“b

= b* +ali=—

p
b? a? 1

9. In an equilateral triangle ABC the side BC is trisected at D. Prove that 9AD* = 7AB?.

Solution:
A
B D M C
Given: ABC is an equilateral triangle and BC is trisected at D.
To prove: 9AD? = 7AB?

Construction: Altitude AM is drawn i.e. AM LBC is drawn.
Proof: We have AB=BC =CA [being the sides of an equilateral triangle]
BD=-BC= ; ABand BM =~ BC = AB

1 1,, 3AB—2AB _ AB
In AABM, we have
AM? + BM? = AB? [by Pythagoras Theorem]

= AM?* = AB* — BM?

= AM? = AB? — (% AB)2
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2
= AM? = AB? — 2=
2 _ 4.AB?-AB?
= AM* = —
2
> AM? =222 (1)

In AADM, we have
AM? + DM? = AD? [by Pythagoras Theorem]
= AM? = AD? — DM?

= AM? = AD? — (%)2

YY) L — @)
36
From (1) and (2), we have
3.AB? — ADZ — AB?
4 36
2 _ 3.AB* | AB?
= AD* = —— Tt
2 _ 27.AB?+AB?
= AD* = pry-73 g
2 _ 28.AB?
= AD* = —==
2 _ 7.AB?
= AD* = 5
. 9AD* = 7.AB?

10. If A be the area of a right triangle and b one of the sides containing the right angle; prove that

the length of the altitude on the hypotenuse is \/%.

Solution:
C
A M B
Given: ABC is a right triangle right angled at C such that ar(AABC) = A and AC =b. CM is

the altitude on the hypotenuse AB.

_ 24b
To prove: CM = T
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W=
Proof: We have, ar(AABC)=A

:%xACxBC=A
:%xbeC=A
>Bc=2

b

In AABC, we have
AB? = AC? + BC? [by Pythagoras Theorem]

= AB? = b2 + (%)2

442
= AB? = b? +b_2

b*+442
= ABZ = T
b*+4A2
= AB = 2
V4A2+p4
= AB = p
Again, ar(AABC)=A

=>§><AB><CM=A

L A cM = 4
2 b
24b
NGz
11. Prove that the equilateral triangles described on the two sides of a right angled triangle are

together equal to the equilateral triangle on the hypotenusein terms of their area.

Solution: R
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Given: ABP, BCQ and ACR are equilateral triangles described on the sides AB, BC and AC

respectively of a right triangle ABC right angled at B.
To prove: ar(AABP) + ar(ABCQ) = ar(AACR)

Proof: In AABC, we have
AB? + BC* = AC? [by Pythagoras Theorem]
=¥ 42 + 2 Bc? = 2 Ac? [Multiplying both sides by *]

~ ar(AABP) + ar(ABCQ) = ar(AACR) [ area of an equilateral A = E a?]

12. If O is any point in the interior of a rectangle ABCD, prove that 04% + 0C?

= OB? + OD>.
Solution:

A D
M N
0]

B C

Given: O is a point in the interior of a rectangle ABCD.

To prove:  0A? + 0C? = OB? + 0D?
Construction: MN|IBC is drawn through O.

Proof: We know, AMND and MBCN are also rectangles.

- AM = DN and BM = CN [being opposite sides of a parallelogram]
We have, 0A? = AM? + OM?

OB? = BM? + OM?
0C? = CN? + ON?
And  OD? = DN? + ON?

Now, 0A% + 0C?> = (AM? + OM?) + (CN? + ON?)
= (DN? + OM?) + (BM? + ON?)
= (BM? + OM?) + (DN? + ON?)

= 0B? + 0D?

sfeosk sk skokosk
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