FIMEURT TE FREOT (T4
DepaRTMENT OF EDUCATION (S)

Government of Manipur

CHAPTER -1
BINARY OPERATIONS
SOLUTIONS
Textual Questions and answers
Exercise 1.1
1. If E is the set of all even natural numbers and F, the set of all odd natural numbers,

answer the following:

(a)
(b)

(©)
(d)

Soln:

(b)

(©)

(d)

Is addition a binary operation on F ?

Is Multiplication a binary operation on F ? If yes, find whether identity element
exists or not.

Is addition a binary operation on £ ? If yes, find whether identity element exists
or not.

Is multiplication a binary operation on E ? If yes, find whether identity element
exists or not.

Here, E = the set of all even natural numbers and
F = the set of all odd natural numbers.

No, addition is not a binary operation on F because sum of two odd natural
number is not an odd natural number.

Yes, multiplication is a binary operation on F because the product of any two
odd natural number is again an odd natural number. 1 is the identity element on
Fas xxl=Ixx=x, forall xe F.

Yes, addition is a binary operation on E . Identity element does not exist as the
additive identity , 0 ¢ E.

Yes, multiplication is a binary operation on E . Identity element does not exist as
the multiplicative identity, 1 & E.

2.  State whether each of the following definitions of * gives a binary operation on N

or not. Give justification of your answer.

)

a*b=a-b

Soln: * is not a binary operation for 1 * 3 =1—-3=-2¢ N;1,3 €N.

(i) a*b=|a-b|

Soln: * is not a binary operationfor 1*1=|1—-1|=0¢& N; 1 €N.

(i) a*b=a’b

Soln: * is a binary operation for a*b=a’be N, a, b € N.
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(iv) a*b=>b
Soln: * is a binary operation for a*b=be N, a, b € N.
(v) a*b=a+ab
Soln: * is a binary operation for a*b=a+abe N,V a,be N.
(vi) a*b=d"
Soln: * is a binary operation for a*b=a" € N,V a,be N.
(vil) a*b=ab-1
Soln: * is not a binary operationfor 1*1=11-1=1-1=0¢ N; 1 €N
(viii)) a*b=ab+1
Soln: * is a binary operation for a*b=ab+1e€ N,V a,be N.

3. Prove that the following binary operations on N are commutative but not
associative:
(1) a*b=2a+2b, where a,be N.

Soln: Let a,b e N.

Then, a*b=2a+2b
=2b+2a

=b*a
So, * is commutative.

Let a,b,ce N.

Then, a*(b*c)=a*(2b+2c),
=2a+2(2b+2c),
=2a + 4b+4c.

And, (a*b)*c=(2a+2b)*c,
=22a+2b)+2c,
=4a +4b+2c#a*(b*c).

So, * is not associative.
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(i) a*b=2“
Soln: Let a,be N.
Then, a*b=2"
— 2ba
=b*aq
So, * 1s commutative.
Let a,b,ce N.
Then, a*(b*c)=a*2",
— 2a2""
And, (a*b)*c=2"*c,
r i 22””6
za*(b*c).

So, * is not associative.

(iii) a*b=(a-b)
Soln: Let a,be N.

Then, a*b=(a—b)’
=(b—a)’ =b*a.

So, * is commutative.

Let a,b,c e N.

Then, a*(b*c)=a*(b—c)’,
=la— (b-0)T.

And, (a*b)*c =(a-b)’ *c,
=[(a— b)’~cT,
#za*(b*c).

. *{s not associative.
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(iv) a*b=ab+1
Soln: Let a,be N.

Then, a*b=ab+1
=ba+l =b*a.

So, * is commutative.

Let a,b,ce N.

Then, a*(b*c)=a*(bc+1),
=a(bc+1)+1,
=abc+a+1

And, (a*b)*c=(ab+1)*c,
=(ab+1)c+1,
=abc+c+1
za*(b*c).

*. * 1S not associative.

4. Show that the binary operation on N defined by a*b=» is associative but not
commutative.

Soln:

Let a,b,c e N.

Then, a*(b*c)=a*c,
=c.

And, (a*b)*c=b*c,
=c
=a*(b*c).

". * Is associative.
And, a*b=>band
b*a=a#a*bh.
So, * is not commutative.

5.  Show that each of the following binary operation * on Q is neither associative nor
commutative.
(1) x*y=x—-y+l1

Soln:  Let x, y,ze Q.
Then, ¥* 0/ #2) =x* (y =2+ 1)
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=x—(y—-z+1)+1
=x—y+z—1+1
=x—-y+z

And, x*y)*z=(x—y+1)*z,
=x—y+l-z+],
=x—-y—z+2.

Thus, x * (y*z) # (x *xy) *z
*. * 1s not associative.

And, x*y=x—y+1
yEx=y—-x+1l#x*y

‘. * s not commutative.

Hence, * is neither associative nor commutative.

(i) x*y=2x+3y
Soln: Let x, y,ze Q.

Then, x*(y*z)=x*(2y+3z),
=2x+3(2y+32),
=2x+ 6y +9z,

And, (x*y)*z=2x+3y)*z,
=2(2x+3y)+3z,
=4x+6y+3z#x*(y*z2).

. * i3 not associative.

And, x*y=x—-y+1

yEx=y—x+1l#x*y

. * {s not commutative.

Hence, * is neither associative nor commutative.
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(i) x*y=x+xy

Soln: Let x, y,ze Q.

Soln:

Then, x*(y*z)=x*(y+ yz),
=x+x(y+yz2),
=X+ Xy +x)z.

And, (x* y)*z=(x+xp)*z,
=x+x)+(x+x)z,
=xX+xy+xz+xyz#x*(y*z).

". *is not associative.

And, x*y =x+xy

yE¥x=y+yx+x*y

‘. * 1s not commutative.
(iv) x*y=x’
Let x, y,ze Q.

Then, x*(y*z)=x*(yz°),
=x(2°)’,
=xy g

And, (x*y)*z=(0")*z,
=xy°z> £x*(y*2).

". * s not associative.

And, x*y = xy*

yEx=yx> #x*y
". * is not commutative.

Hence, * is neither associative nor commutative.
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6.  Prove that the binary operation o on Zdefined by acb=a+b-35, is associative as
well as commutative.

Soln: Leta,b,ce Z.

Then, ao(boc)=ao(b+c-5),
=a+b+c—-5-5,
=a+b+c-10.

And, (aob)oc=(a+b-5)oc,
=a+b-5+c-5
=a+b+c—10=aco(boc).

. o is associative.

And, acb=a+b-5

boa=b+a-5=aobh.

. o 1S commutative.

Hence proved.

7. Prove that the binary operation * defined on Z by a*b=3a+5b is neither

associative nor commutative. Also, prove that the usual multiplication on Z
distributes over *.

Soln: Let a,b ,ce Z.
Then, ax(bxc)=ax*(3b+5c)
= 3a + 5(3b + 5¢)

= 3a + 15b + 25¢
Also (a*b)*c=3a+5b)*c

= 3(3a + 5b) + 5¢
=9a + 15b + 5¢

This shows that ¢ * (bxc) # (axb)xc.
~ * 18 not associative.
Again,a * b = 3a + 5b

And b *xa = 3b + 5a
This shows that a * b # b * a.
~ * 1S not commutative.

Hence, * is neither associative nor commutative.
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Leta,b,c € Z.

We are to show that a X (b *xc) = (a X b) * (a X ¢).
Now, a X (bxc) =a X (3b+ 5¢) = 3ab + 5ac.
And,(a X b) * (a X ¢) = ab * ac = 3ab + 5ac.
Thus,a X (b*c) = (a X b) = (a X c).

Hence, usual multiplication distributes over *.

8. Let binary operations o and * on R be defined by xoy=2x+2yand x*y=x. Show

that o is commutative but not associative and * is associative but not commutative.
Also show that o distributes over *.

Soln: Let x,y € R.

Then, xoy=2x+2y
yox=2y+2x=Xxo0y.

. o is commutative.

Then, xo(yoz)=x0(2y+2z),
=2x+2(2y+2z),
=2x+4y+4z.

And, (xoy)oz=(2x+2y)oz,
=2(2x+2y)+2z
=4x+4y+2z#xo0(yoz).

. o is not associative.

Again, x*y =x
yEx=ypy#x*y.

‘. *{s not commutative.

x*(y*z)=x*y,

=X.

And, (x*y)*z=x%z,
=X
=x*(y*z).

. *1s associative.
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2nd part
We are to show that ao(b*c)=(aob)*(aoc).
Now, ao(b*c)=aob
=2a+2b
(aeb)*(acc)=2a+2b)*(2a+2c)
=2a+2b
=ao(b*c).

Hence proved.

9. Prove that the binary operation o on N defined by aob=maximum ofa and b is
associative and commutative. Find the identity element and invertible elements of

(N,°).
Soln: Let a,b,ce N.
Now, ao(boc) = ao(maximum of b and c)
= maximumof a,b and c
and (aob)oc = (maximum of a and b)oc
= maximumof a,b and c
Thus, ao(boc) = (aob)oc
- 0 1s associative
Again, aob = maximum of a and b
And boa = maximum of b and a
= maximumof aand b
= aob
. 0 is commutative.

Existence of Identity:

Let e an identity element for the binary operation o.
Then,aoe=a Va €N

= maximumof aand e = a

= e < a i.e. a natural number which is less than or equal to any natural number.
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= this relation holds only whene =1 € N
=~ 1 is the identity element.
Again, let b be the inverse of an element a € N.
Then, aob =1
= the maximum of a and b = 1 i.e. the maximum between two natural number is 1.
This is possible only whena = b = 1.
=~ The invertible element of (N,0 ) is 1

10. Investigate the set of Integers, the set of rational numbers and the set of irrational
numbers for closure under the following binary operations:
(i) Addition (ii) subtraction (iii) multiplication (iv) division.

Soln: Set of Integers (Z)

Let a,b e Z be any two elements.
Then, a+beZ, a—beZ, abe Z and a +b may or may not be an integer.

Hence, the set of integers is closed under addition, subtraction, multiplication but not

under division.
Set of rational numbers(Q):

Let a,be Q.
Then, a+beQ, a—beQ,abeQanda+bg Qsince 0,1e0=1+0¢Q

Hence, the set of rational is closed under addition, subtraction, multiplication but not

under division.

Set of irrational (Q°)
We know that \/5,1—\/5 e Q" but
V2+(1-42)=12 0 V2 -2 =0£0°
2
V22 =2¢ 0 and izlé ¢
Q NG Q

Hence, the set of irrational is not closed under addition, subtraction, multiplication and

division.
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11. Prove that there is no non-empty finite subset of N closed under addition
Soln: Let H ={1,2, 3, ..., n} be a finite subset of N .
Then, 14+n ¢ H (because 1+n>n).
So, H is not closed under addition.
Hence proved.
12. Prove that the only non-empty finite subset of N closed under multiplication is {1}.

Soln: Let A={1} c N.
Since, 1x1=1¢€ 4, the subset A is closed under multiplication.
Suppose B (# A) be any non-empty finite subset of N closed under multiplication.

Since, B is non-empty and B (# A4) , there exists at least a natural number
aeBanda=#1.

0 R - o 2 2 3
Also, B is closed under multiplication, so axa=a" € B, a"xa=a € B and so on.

2 3 . . .
a,a’, a,... are distinct natural numbers. Since a#1 and aeN, a<a’*<a’<....

So, B is infinite, which is a contradiction.

Hence, the only non-empty finite subset of N closed under multiplication is {1}.

13. Find whether the identity element exists or not for each of the following algebraic
structures:

® (N,
Soln: Let e be an identity element.

Then,a+e=a=e+a V ae N.
= e=a-a=0¢ N

Identity element does not exist.
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Soln:

Soln:

5

(1) (N,.)

Let e be an identity element.

Then, ae=a=ea VY aeN.
= (ae—a)=0
=ale-1)=0

=e—-1=0 ora=0

=e=1e N (neglecting a =0)
So, 1 is the identity element.

(i) (Z, 1)

Let e be an identity element.

Then,a+e=a=e.+ VacZ.
=>e=0¢eZ

So, 0 is the identity element.

iv) (Z,.)

Soln; Let e be an identity element.

Soln:

Then,ae =a =eaVa€Z.

=S ae=a

=2ale—1)=0

= e = a € Z (neglecting a = 0)
So, 1 is the identity element.

v (@,
Let e be an identity element.

Then,a+e=a=e+a V aecQ.
= ate= a
= e=0eQ

So, 0 is the identity element.

v (@ )

Soln: Let e be an identity element.

Then,ae =a =eaV a € Q.
S>ae=a
sale—1)=0

FIMPUFT TE FFEOT (T°0)
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= e = a € Q (neglecting a = 0)
So, 1 is the identity element.
(vii)  (P(S), M)

Soln: Let E be an identity element.

Then, ANE=A=EnNnA, VAeP(S).
= AcE
= E=SeP(S).

So, S is the identity element.
(viii) (P(S), V)
Soln: Let E be an identity element.

Then, AUE=A=FEUA4, VAeP(S).
= Ec4
= E=¢eP(S).

So, ¢ is the identity element.

14. Let S={1, 2,3, 4, 5,6,7}. Find the identity element of the algebraic structure
(P(S), n). Also, find the inverse of 4=1{2, 4, 6}, if it exists.

Soln: Let E be an identity element.

Then, CNE=C=EnC, V AeP(S).
= CcE, VCeP(S).
= E=SeP(S).

Thus, identity element is S.

Let B be the inverse of 4 = {2, 4, 6}

Then, AnB=S=BnA.
But, for any element Be P(S), AnB=BnAcCS ['.'ACS]
L ANB=BNnA#S,VBeP(S).

Hence, the inverse does not exist.
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15. Consider the binary operation * on Q defined by x* y = x+ y — xy . Find the identity
element of (Q,*). Also find x ' for x € Q. For what value of x does the inverse

not exist?
Soln: Let e be an identity element of the binary operation *.

Then, x*e=x=e*x, VxeQ
> x+e—ex=x
= e—ex=0
=e(l-x)=0
= e=0€eQ [neglecting x =4]

So, 0 is the identity element.

Let y be the inverse of an element x € 0.

Then, x*y=e=y*x
=>x*y=0
=>x+y—xy=0
= y(l-x)=—x

:y:LeQ, Vx#l
x—1

:}y:x71:LEQ

When x =1, inverse does not exist.

16. Form the composition table for the set S={1, 2, 3.4, 5,6} with respect to the binary
operation of multiplication modulo 7. Deduce that S is closed under the operation.
From the table, find the identity element and the inverse of each element of S. Also

calculate 2°in S.

Soln: Let * be binary operation defined on S={1, 2, 3,4, 5,6} as x*y =x®, y = xp(mod 7).

The composition table for * is given by

x,11 (2 [3 [4]5 [6
1 |1 ]2 13 (4|56
2 [2 (46 [1]3 5
3 1306 |2 |5]1 |4
4 (415 [2]6 |3
5 |53 ]1 |6]4 |2
6 |6 |5 |4 [3]2]1

From the table, forall a € S,
aX;,1l=a=1X%X5a

- identity element is 1.
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and 1x,1=1=1x,1
2x,4=1=4x,2
3X,5=1=3X%,5
6x,6=1

~ the inverse of 1, 2,3,4,5,6are 1,4, 5,2, 3, 6.

Now,26 =64=7x9+1

~ value of 26 in Sis 1.

17. Form the composition table for the set S={0,1, 2, 3,4, 5} with respect to the
binary operation of addition modulo 6. From the table, find the identity element
and the inverse of each element of S.

Soln: The composition table for +, on § = {0,1, 2,3, 4,5} is given by

+¢ |0 (1 |2 34 |5
0 (0 (1 |2 314 |5
1 1 |2 |3 415 10
2 (2 |3 |4 510 |1
3 |3 (4 |5 01 |2
4 |4 (5 |0 112 |3
5 |5 (0 |1 213 |4
From the table, forall ae S, a+,0=a=0+,a

. identity element is 0.
And 0+,0=0
1445 =0=5+,0
2446 =0 = 4+42
3+43=0
~ the inverse 0f 0, 1,2, 3,4,5are 0, 5,4, 3,2, 1.

18. The composition table is given below

Soln: Given a*b=H.C.F.ofaandb: a,be N.

The composition table is given below

QN[N |W (DN | o
el el L Ll el e L

=[N —= (N |— N

U [ |t | LD | bt | i [ €9

N (==~

el A 2 N e el e e Y 4 |
QN =[N W[ N[ — | &N
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Since, all the entries of the table are elements of H = {1,2,3,4,5,6} , therefore H is

closed under *.

19. Let a binary operation o on N be defined by acb= LCM of a and b. Form a
composition table for the set H = {1, 2, 3, 4, 5} with respect to o. State whether H
is closed under o or not.

Soln: We have, acb= LCM ofaandb; a,b € N.

The composition table for ois given by

o 1 2 3 4 5
1 1 2 3 4 5
2 2 2 6 4 10
3 3 6 3 12 15
4 4 4 12 4 20
5 5 10 15 20 5

From the table, some elements 6, 10, 12, 15, 20 in the table are not member of H.
So, H is not closed under o

20. Prove that the set S={3n: neZ} is closed under usual addition and
multiplication. Examine the algebraic structures (S,+) and (S,.) for existence of

identity and invertible elements.

Soln: Let a,b € S.Then,
a+b=3n+3m,forn, m €Z
=3(n+m)=3q, where qg=(n+m) € Z
=a+beSs.

ab=3nx3m,forn, m € Z
= 3p, where p=3nme Z
=abes.

Thus, S is closed under addition and multiplication.
For (S, +):

Let e be an identity element.
Then,a+e=a=e+aVac€Ss.
>a+e=a.

=>e=0€S.
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Let ‘b’ be the inverse of an element a = 3n € S.
Then,a+b=0=b+a
=>3n+b=0
= b=-3n=3(—n)
So, inverse of any element 3n is 3(—n).
For (S, .)
Let e be an identity element.
Then,ae=a=ea Y aeSs.
= ae=a,

= e=1¢8S.

The identity element does not exist and hence inverse of any element does not exist.

sk skok skok
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