FIMAPLHET TE FREMT (T°M)
DEPARTMENT OF EDUCATION (S)

Government of Manipur

CHAPTER 4
BINOMIAL THEOREM

BINOMIAL EXPRESSIONS:

Algebraic expressions having two terms are called binomial expressions.
E.g.: (x+3),3x—-2y) etc.

BINOMIAL THEOREM:

If a and x be any two real numbers and 7 be any positive integer, then

(a+x)" =" Cya" +" Cia"'x+" C,a"?x% +....... +"Ca""x" +..+"Cx

DEDUCTIONS:

In the binomial expansion,

(@a+x)" =" Cya" +" Cia"'x+" C,a">x* +....... +"Ca""x" +..+"Cx"

(1) If x is replaced by —x

(a-x)" =" Cya" -" Cia"'x+" C,a">x" —...... +(=)""Ca""x" +...+(-1)""C x"

(11) If a=1, we get
(1+x)" =1+"Cx+" C,x* + oo 4" CX" +.+ X

(ii1)) If a=1 and x is replaced by —x, we get
(I1-x)" =1-"Cx+" C,x* —....... +(=D""C X+ (=D XN

PASCAL’S TRIANGLE :

The binomial co-efficients can be arranged in the form of triangle as follows:

VAR
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General term: In the expansion (a +x)", the general term is denoted by 7, and is given by

T

r+l

:}’l Cral’l*rxr
Middle term of a binomial expansion:

1. When 7 1s even

When 7 is even, the number of terms in the expansion of (a + x)" is (n+1) which is odd.

th
.. The middle term is (g + lj term. Hence 7, is the middle term.
24
2

2. When 7 is odd.
. . \ +1Y"
The number of terms (n+1) being even, there are two middle terms which are the (HTJ term and

( l jth
+ 1 term.
2

Thus,

., are two middle terms.

n+l

and
2 2

Properties of binomial co-efficients:
1) The sum of all the binomial co-efficientsis 2" .

1.e."C,+" C, +" C, +....... +"C =2"

i1) The sum of the binomial co-efficients of odd terms is equal to that of even terms, each being equal to
2",
ie."C,+" C,+" Cy+ =" C,+" Cy+" Cs + .= 2"

SOLUTIONS

EXERCISE -4.1

Q1. How many terms are there in the ‘expansion of
i  (a-x)’
Ans:  The no. of terms in the expansion of (2a—x)’ is 7+1=8.
()  (x+4)"°

Ans: The no. of terms in the expansion of (x +4)" is 10+1=11.
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(i)  (1-3x)" )

Ans:  The no. of terms in the expansion of (1—3x)" is 15+1=16.

(iv)  (2+5p)"

Ans:  The no. of terms in the expansion of (2 +5y)* is 20+1=21.
Q2. Using Pascal’s triangle, expand

i (x+y)

Solution: The no. of terms is 5+1=6

-. By Pascal’s triangle, the 6™ row is

1 5 10 10 5 1
L(x+y) =10 +5.x y+10x°)y° +10x° Y + 50" +1.)°
= X" +5x y +10x°y* +10x°y” + 50" +)°
(i1) (a+2x)"
Solution: The no. of terms in the expansion of (a +2x)* is 4+1=5

.. By Pascal’s triangle, the 5" row is

1 4 6 4 1
Now, (a+2x)* =1.a* +4.4°.(2x)' + 6.4’ (2x)* +4.a(2x)’ +1.2x)*
= a* +8a’x +24a’x* +32ax’ +16x"

(i)  (3-2x)
Solution: The no. of terms in the expansion of (3—2x)° is 5+1=6

~. By Pascal’s triangle, the 6™ row is

1 5 10 10 5 1

Now,

(3-2x)" =1x3’ =5x3%.(2x) +10x3’.(2x)* =10x3*(2x)’ + 5x3' x (2x)* = (2x)°

= 243-810x +1080x> — 720x° + 240x* —32x°
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Expand the following using Binomial theorem.
i (+x)]

Solution: (1+x)° =°C,.I'+ C,.I'x' +* C,.P’x" +* C,.I’.x* +° C,.1.x* +° C,.x°

11+5.1x+101.x2 +10.1.° +5x" +x°

= 14+5x+10x* +10x° +5x* +x°

()  (a—2x)°

(a—2x)° =°c,a® -° C.a’(2x)+° C,a* (2x)* -° Cya’ (2x)’ +
°C,a’ (2x)* =° Csa.2x)’ +° C,.(2x)°

Solution:

l.a® —6.a° 2x +15.a" 4x* =20.a° 8x> +15.4*.16x" —6.a.32x° + 64x°

a® —12a’°x + 60a’* x* —160a° x> +240a*x* —192ax’ + 64x°

(i)  (x+2y)°
Solution: (x+2y)" = *Cx* +* Cx*(2y) +* C,x*(2y)* +* Cx(2y)* +* C,.(2y)"*
=1x" +4x° 2y +6x> .4y +4.x.8)° +1.16)"

= x" +8x°y+24x"y" +32x)° +16y*

. 1Y
(1v) (x + Ej

1 7
Solution: (x+5j =

1 1Y N IR} 1Y 1’ 1Y
TCyx” + Clx6.(j + C,x° () + Cyx* () + C,x° () +' Cyx’ () +’ C&.() + C, ()
2 2 2 2 X X X

=1x" +7x +21.x° +35.x4.L3+35.x3.L4+21.x2.L5+ 7.X.L6+L7
X X X x' X

=x" +7x +21x° +35x+3—5+2—31+ls+L7
X X X X

Page | 4



FIMAPLHET TE FREMT (T°M)
DEPARTMENT OF EDUCATION (S)

Government of Manipur

v) (2x—y)
Solution: (2x _y)S = G (2x)’ = C1(2X)4-y + G (2x)'.y* = G 2x)*y* + ¢, (2x).y" = S'ys
=1.32x" =5.16x*y +10.8x" y* —10.4x".y° +5.2y* +

= 32x° —80x*y +80x’y* —40x°y’ +10xp* — )’
(vi) (f
a

6
Solution: f+f
a x

xY x) xY a 2 a) (aY
=(—) +6.(—J +15.(—j +20+15.(—) +6.(—j +(—)
a a a X X X
Cx* o oext 15x7 15> 6a* a°
Tt e T ey

Q4. Find the first four terms in the expansion of (x—2y)".
Solution: The first four term in the expansion of (x —2y)" are
vex, e’ (2y), Y CxP(2y), 1 CxT (2y)
ie.x?, —10x"(2y) 45.x° 4y%, -120.x" .8y’
ie.x'’, —20x"y, 180x*y*, —-960x"y’
Q5.  Find the 6" term in the expansion of (14 x)""
Solution: We have, 6" term =T, =T},
="C,. 1%

10x9x8x7x6 P
Ix2x3x4x5

= 252x°
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2

8
1

Q6. Find the 7" term in the expansion of (x——j
X

Solution: We have, 7" term =T, =T,

|
o
0
=
o0
&
|
><N| —_
N——
[=2)

I
N
2
=

(S}

o

X

Q7. Find the 11™ term in the expansion of (x+2y)"
Solution: We have, 11" term = T, =T,

15 Clo.xIS—IO (zy)l()

15 C10~x5 '210 le
— 15 C10'210.x5 .yIO
8. Find the term containing x° in the expansion of (1+ x*)°
g P

Solution: Let T

o . 6
., be the term containing x

Then, T

r+l

“C 157

°C.1x"

. . 6
Since, T, contains x°,

r+l
=2r=6
=r=3

Hence, the term = °C,.1.x°
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9
1
9. Find the term containing x° in the expansion of | x*> + —
g p
X

Solution: Let T, be the term containing x’
r+l

Then, 7,, =°C .(x*)"" (lj
X

9 18-2 = 9 18-3
= Cx " "x"=Cx""

Since, T, contains x’,
R |
=9=18-3r
=3r=9
=>r=3

Hence, the term = °C,.x’

10
1
Q10. Find the co-efficient of x* in the expansion of (x——j .
X

Solution: Let 7, be the term containing x*

Then, T, = (-1)" "“Cx"" (lj
X

— (_l)r .10 Cr ‘x10—2r

Since, T, contains x*,

r+l
- x4 — x1072r
=4=10-2r

=2r=6

=r=3
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Hence, the term = (-1)’." C,x*

_ (_1).10><9 x 8 o
I1x2x%x3
= —120x"
.. The co-efficient = —120

Q11. Find the term independent of x in the expansion of

@(ﬁ+lj
X

Solution: Let 7., the term independent of x, i.e. containing x’.

r+l

Then, T, ="C . (x°)” (lJ
X

_9 Crxlsfsr
Since, T, contains x°,
U
=18-3r=0
=>r= X =6

3

Hence, the term = ° C, .x

(i1) (x — izj
X

Solution: Let T, the term independent of x.

Then, 7, =" Cr.xlz'_r.(—%j
X
_( 1)r 12C 12-3r

Page | 8



FIMAPLHET TE FREMT (T°M)
DEPARTMENT OF EDUCATION (S)

Government of Manipur

. . 0
Since, 7, contains x

0 12-3r

X =X

=0=12-3r

:>r=l%=4
3

Hence, the "™ term = (-1)*2C, .x°

\ ) 12x11x10x9
" 1x2x3x4

= 495

(iii) (x + %J
X

Solution: Let 7, the term independent of x.

= 2’.15Crx15_3r
Since, T, contains x°,
=15-3r=0
15

>r=—=95
3
Hence, the 6™ term is independent of x.
. The term = 2°" C, .x°
="C,.2°
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Q12. Find the middle terms in the expansion of

() (1+x)°

Solution: Here, the index 6 is even.

th
.. There is only one middle term and it is the (g + lj term i.e. 7

Now, 7, =T,
=°C,x’
_6x5x4 |
= —x
1x2x3
= 20x°
(i) (x— )’

Solution: Here, the index 8 is even.
8 th
.. There is only one middle term and it is the (— + lj term i.e. 5™ term.

h
w5"erm =T, =T,
= (-Drc, Xy
=15C,x*y*

xTx6%x5 4, 4
T L arY
Ix2x3x4

= 70x*y*
(iii) (2x+3y)"

Solution: Here, the index 10 is even.

1 th
.. There is only one middle term and it is the (?O + lj term i.e. 6™ term.

L 6"term=T, =T,
— 10 CS (2x)1075 .(3y)5
= Cy(2%) By

=10 C5.25.35 x’y’
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Q13. Find the middle term in the expansion of

(i) (x+»)
Solution: Here, the index 7 is odd.

. 7+1Y)" 7+3Y .
.. There are two middle terms. They are (Tj and (Tj terms. i.e. 4™ and 5" terms.

. 4th _ _
A4 term =1, =T,

7 7-3.3
= "Cyx 3y

Y 7X6X5 4.3
1X2X3

= 35x%y3
&5"term =T, =T,
L 7C§x%4y4

Tx6x5
1x2x3

3_4

X'yt =35x"y

9
(i1) (x + lj
X
Solution: Here, the index 9 is odd.

th th
.. There are two middle terms. They are (%) and (?j terms. i.e. 5" and 6™ terms.

L 5"term=T, =T,
4
:9C4x94(lj
X
_ 9x8xTx6 5 1
=X .
1x2%x3x%x4 x*
= 126x

&6"term =T, =T,

_9 C5x9_5 (ljs
X

9x8x7x6x4l_
1x2x3x4 ' x°

126
X
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(iii) (x—2p)"

Solution: Here, the index 11 is odd.

11+1Y" 11+3Y"
.. There are two middle terms. They are ( 2+ j and (TJF?’j terms. i.e. 6" and 7" terms.

6" term = I, =1,
= 1 O 2y
= (—1)51lchﬁ.254P
=-"C,2°x%y’
& 7" term = I f= 1,
= (-D° "Cx" 2y’
=1."C,.x>.2°)°
="C .2°x°y°
Q14. If C, denotes the binomial co-efficient. " C_, prove that
(1) C, +2C, +4C, +........ +2"C, =3"
Solution: We have,
(1+x)" ="C,+" Cx+" Cyx* +....... +" C x"
Putting x =2, we get
(1+2)" =" Cy+" C,.2+" C,.2% + ... +"C, 2"
=3"="C,+2"C,+4"C, +.....+2""C,
1e.C, +2.C, +4C, +....+2".C, =3"
(i1) C, +3C, +5C, +.couennne. +2n+1C, =(n+1)2"
Solution: We have, (1+x)" ="C, +" C,x+" C,x* +......+" C x"
2"=Cy+C +C, +....+C,
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Now, C, +3C, +5C, +......... +(2n+1)C,

=2"+2(C, +2C, +3C; +......t" C, )

— ol py M=) g =D=2)
1.2 123

=2”+2n[1+(n—1)+w+ ......... +! Cnl}

1.2

= 2" 4+2p.2™

= 2" +n2"

=2"(1+n)

= (n+1)2"
i) ¢, 422438 4 N E)

I > "~ 2
Solution:  We have, C, + 22 + 3g H L.\ +n C?”
! 2 el

5 n(n—1) 3. n(n—1)(n-2)

1.2 1.2.3 n.l
=n+ + F s +—

n I’l(l’l—l) n

1.2
=n+(n-D+m=2)+....... +1
=1+2+3+.......... +n
n(n+1)
2
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.............. +(=1)""'n.C, =0

Solution:  We have, C, —-2C, +3C, —.............. +(=D)""nC,

=2 =DL g =D =2 (="l
1.2 1.2.3

S POt B G ) + (=12
1 1.2

=" C, A+ €, Tl L +(' e,

= n(1-1)""

= no""

=n.0

=0

Q15. Evaluate the following by using Binomial theorem.
(i) 99*

Solution:  99* = (100-1)*

‘C,.100* -* C,.100°.1+* C,.100°.1* -* C,.100.1° +* C,.1*

100* —4.100° +6.100> —4.100 +1

= 100000000 — 4000000 + 60000 — 400 + 1
= 100060001 — 4000400
= 96059601
(ii) 102°
Solution: 102° = (100+2)’
=7C,.100° +° C,.100*.2+ C,100°.2° +° C,.100%.2° +* C,100'.2* +° C,2°.
= 1.10000000000 + 5.100000000.2 + 10.1000000.4 + 10.10000.8 + 5.100.16 + 1.32
= 10000000000 + 1000000000 + 40000000 + 800000 + 8000 + 32
= 11040808032.
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(iii) 1001°
Solution: 1001* = (1000 +1)’
=3C,.1000° +* C,.1000°.1+° C,.1000.1> +* C,.1°
= 1000000000 + 3 x 1000000 + 3 x 1000 + 1

= 1000000000 + 3000000 + 3000 +1

= 1003003001
Q16. Show that (2++/5)* +(2—+/5 ) is rational.
Solution: We have
Q+5)'=4C, 2"+ € 25+ €, 22.(5) +* ¢, 2.5 + ¢, (5)"
— Ix16+4x85 +6x4x5+4x2x 55 +25
= 16+324/5 + 120+ 4045 + 25
=161+ 7245 - (i)
and (2—-+/5)'="C,2" = C,.2°5+* C,.22(\5) = ¢, 2(5) + ¢, (V5)*
= 16-4x8/5+6x4x5-4x2x55+25
= 16-324/5+120—40y/5 + 25
—161-72J5 > (i)
Adding (i) & (ii), we get
2 +5) +@2-+5)" =161+161

= 322 which is rational.
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Q17. Using Binomial theorem, prove that 4" —3n —1 is divisible by 9 for ne N .

Solution: We have

4" =(1+3)’
="C,+"C3'+"C,.3+"C,.3 + +"C,.3"
= 143n+" C,.37 +" Cy.3° 4o +3 [ C=n|
4" -3p-1="C,.3° +" C,.3’ +.coceuc.... +"C,.3"
=3 ("Cy# Cy3+ e +C,3"7)

= 9 x (an integer)
o 4" =3n—1is divisible by 9 for all ne N .

Q18. Using Binomial theorem, prove that 2" —7n (ne N) always leaves the remainder 1 when
divided by 49.

Solution: We have,

23n — (23 )n . 8n

=(1+7)"
="C,+" C.7I+" C,. T +" CT’ + e +"C,7"
=1+" C.74" C,. 77 +" C. T + v, +7"

= 2" ~Tn=1+Tn+"C,.7° +" C,. 7" +......... +7" ~Tn
=1+7°("Cy+" Cy T+ v, +7"7)
= 1+ (a multiple of 49)

Hence, the 2™ — 7n always leaves the remainder 1 when divided by 49.

ok skook skok
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