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Government of Manipur

CHAPTER 3
MATHEMATICAL INDUCTION

Principle of Mathematical Induction
It states that if P(n)be a mathematical proposition such that

1) P(1) is true, and

i1) P(K +1) is true whenever P(K) is true where K is an arbitrary value of n.
i.e. P(K) is true = P(K +1) is true
then P(n) is true Vne N

SOLUTIONS

EXERCISE 3.1
I. If P(n) is the statement »° +2 is a multiple of 3, then show that P(2) is true and P(3) is false?
Solution: When n =2, n’ +2=2°+2=6,which is a multiple of 3.

When n =3, n* +2=3+2=11,which is not a multiple of 3.
. P(2)1s true and P(3) is false.

2. If P(n) is the statement 5*" +3n -1 is divisible by 9state P(2).

Is (i) P(1)is true?
(ii) P(3) is false?
Solution: P(2) is 5%% +3x2—1=630is divisible by 9.
i) When n=1, 5" +3n—1=5>+3-1=27, whichis divisible by 9.
- P(2)is true — Yes.
i)  When 7=3, 5" +3n-1=5""+3x3-1=15625+9~1
= 15633, whichis divisible by 9.
. P(3)is false — No.
3. If P(n) is the statement »n° +n >15 and if P(K) is true, prove that P(K +1) is true.
Solution: P(n):n* +n>15

Here, P(K) is true
ie. P(K)=K*+K >15
=K(K+1)>15

Now, P(K+1)=(K+1)’ +(K +1)
=K>+2K+1+K+1
=K?+ K + 2K + 2
=K(K+D)+2(K+1)>15[ K(K+1)>15]

- P(K +1)is true if P(K) is true.
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4. Prove by mathematical induction that Vane N,

i) 24446+, +2n=n(n+1)
Solution: Let P(n):24+4+6+...ccune....... +2n=n(n+1)

Whenn =1

LHS=2

RH.S=1(1+1)=2=L.H.S.

- P(1) is true.

Let us assume that P(K) is true

1.86.244+6+ i +2K =K(K +1)

Adding 2(K +1) on both sides, we get,

24446+ i, +2K+2(K+1)=K(K+1)+2(K +1)
=(K+1)(K+2)
=(K+D)[(K+1)+1]

- P(K +1)is true if P(K) is true

Hence, by the principle of mathematical induction, P(n) is true Vne N

() 1+44T e +(3n—2)=@
Solution:  Let P(n):1+4+7+ oo +Gn-2) =@
Ifn=1
L.H.S. =1
Rus. = A=) 371, g hg
- P(1) is true.
Let us assume that P(K) is true.
Le I+ 4+ T+ e, +(3K—2):@
Adding [3(K +1)—2 =3K +1] on both sides, we get,
I+4+T4 e +(3K—2)+(3K+1)=@+(3K+1)
_3K’-K+6K+2
2
_3K’+3K+2K+2
2
_(3K+2)(k+1)

2
_ (K+D3(K+1)-1]
2

- P(K +1)is true if P(K) is true

Hence, by the principle of mathematical induction, P(n) is true Vne N
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(i)  1+6+11+.ns +(5n—4):%n(5n—3)
Solution: LetP(n):1+6+11+.......c............ (5n—-4) =%n(5n—3)
When n =1
LHS.=1

RH.S= %><1(5><1—3)=1 =L.H.S.

- P(1) is true.
Let us assume that P(K) is true
ifed+6F1hR0.. ..o +(5K—4)=%K(5K—3)
Adding 5(K +1)—4 =5K +1 on both sides, we get,

16 +11+#0s +(5K—4)+(5K+1)=%K(5K—3)+(5K+1)
=%[5K2 —3K +10K +2]
= %[(K +1)(5K +2)]

1

:E(K+l)[5(K+l)—3]

- P(K +1)is true if P(K) is true.
Hence, by the principle of mathematical induction, P(n) is true Vne N

v) P+2°+3+ + 3:[’1(””)}2
2
Solution: Let P(n):P+2° +3 +. . +n’ = {n(nTH)}
When n =1
LHS. =1 =1
2 2
RHS=["2" = 3 =1=L.ns.
2 2
- P(1) is true.
Let us assume that P(K) is true.
2
P+2°+3 4 +K3:{@}
Adding (K +1)* on both sides, we get,
2 2
P+2° +3 4, +K3+(K+1)3—K([Z+l) (K +1)°
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M2
=(K +1) KT+K+1}

=(K+1)°

[K*+4K +4
| 4
, (K +2)°
4
K+2j2

=(K+1)

:(K+1)2(

I (k+1){(K+1)+1}]2
2

- P(K +1)is true if P(K) is true
Hence, by the principle of mathematical induction , P(n) is true Vne N

2 —
(vi) 13435457+ . +@n—-1D@2n+1) = w

n(4n’ +6n-1)

Solution: P(n):13+3.5+5. 7+ ccieeennn. +(2n-1)2n-1)= =

Whenn =1
LHS.=13=3

2
w:%:3 =L.HS.

- P(1) 1s true

Let us assume that P(K) is true

R.H.S. =

K(4K?+6K—1)

ie.13+35+57+ . +FQRK-1)R2K + 1) = 3

Adding (2K + 1)(2K + 3) on both sides ,we get
13435457 % oo Q2K 1)K +1)+ (2K +1)(2K +3)
_ K(4K*+6K —1)
- 3
_ K(4K*+6K —1)+3(4K* +8K +3)
- 3
4K’ +6K* —K +12K* + 24K +9
3
4K> +18K* +23K +9
3
AK? +4K* +14K* +14K +9K +9
3
_(K+D[4K+1)* +6(K +1)—1
3
- P(K +1)is true if P(K) is true

Hence, by the principle of mathematical induction, P(n) is true Vne N

+ (2K +1H)(2K +3)
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1 1 2" -1
+?+ ................. 2n—1 = 2n—1
I 1 1 2" -1
LetPn): 1+—+—+..ccoornnee.n. + =—
( ) 2 22 2}171 2}171
When n =1
LHS.=1
21-1 1 1
R.H.S. =F = 2—0 = I =1 =L.H.S.
- P(1) 1s true
Let us assume that P(K) is true. Then,
I 1 1 251
1+5+?+ ............. +2K—1 :F

) 1 .
Adding 2_1< on both sides, we get,

1 1 1 25-1 1
1+5+2—+ ...................... +F+2—K:F+2—K
225 -1 +1
2 —241
B\ = /4
2K+l _1
= 9 (K+D)-1
- P(K +1)is true if P(K) is true.
Hence, by the principle of mathematical induction, P(n) is true Vne N

1 1 1 1 n
— t—t— e + =
1.3 35 57 2n-1)2n+1)  2n+1
LetP(n):L+L+L+ ............. & ! =z
1.3 35 57 2u-=1)2n+1) 2n+1
Ifn=
LHS. - —=1
1.3 3
R.H.S. = ! =l =L.H.S
2x1+1 3
- P(1) is true.
Let us assume that P(K) is true
LI S N L __K
13 3.5 57 T QK -DQ2K+1) 2K+1
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Addi on both sides, we get,

mng !
(2K +1)(2K +3)
1 1 1 1 1
—+—+— + +
13 3.5 5. QK -1D)Q2K+1) (2K +1)(2K +3)
__k | 1
2K+1 (K +1)(2K +3)
_ KQ2K+3)+1
T 2K +1D(2K +3)
_ 2K’+3K+1
T 2K +1)(2K +3)
_ QK+I)(K+1) K +1
QK +1)Q2K +3)  2(K +1)+1
- P(K +1)is true if P(K) is true.

Hence, by the principle of mathematical induction, P(n) is true Vae N

|

(ix) 1+1+L+i+ + i
HgE g T T 20
Solution:  Let P(n):1+l+i2+%+ .................. + 1_1:3—_L
3 3 3 3" 2x3"
When n =1
LHS.=1
1_
RHS. =L _2_j_Lus.
3N 2
- P(1) s true
Let us assume that P(K) is true.
iedsipd Ly et ——
e RT3k

1 1
Adding pre=] = * on both sides we get,

1 1 1 1 1 351 1
1+—+—2+—3+ ............ +
3 3 3

3K 3K gx3F | 3K
B 3k -1 N 1
-~ 2x3k-1 7 3k
31342
2x3%
3K+1 _1
= 3 5 3D
- P(K +1)is true if P(K) is true
Hence, by the principle of mathematical induction , P(n) is true Vne N
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(x) 2422420+, +2"=2(2"-1)

Solution: Let P(n):24+2°+2° .o, +2"=2(2"-1)
Ifn=1
LHS.=2
RHS.=22'-1)=2 =L.HS.
- P(1) is true.
Let us assume that P(K) is true. Then,
24224234 i+ 2K =225 = 1),
Adding 2X*1 on both sides, we get
2% + AANN PR T +HUIRF LRS- DR
=2x2%" -2
N 2(2K+1 -1

- P(K +1)is true if P(K) is true

Hence, by the principle of mathematical induction , P(n) is true Vne N

(xi) 12422 432° 4., +n2"=(m-1)2"+2

Solution: Let P(n)=12+22>+32" +............. +n2' =(n-12""+2
Ifn=1
LHS.=12=2

RHS.= (1-1)2"+2=2=LHS.
- P(1) is true
Let us assume that P(K) is true

1124227 +32 4. + K25 =(K-1D2"" 52

Adding (K +1)2" on the both sides, we get,
1.2+2.2243.32 4+ v+ K.2K + (K + 1)2K+1
= (K = 12 4+ 2 + (K + 1)25+1
=2 (K-1+K+1)+2
=K.225"+2
=(K+1-1)2%" 42
- P(K +1)is true if P(K) is true.

Hence, by the principle of mathematical induction, P(n) istrue Vne N
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(xil)  1.23+234+345+......... +n(n+1)(n+2)= %n(n +1)(n+2)(n+3)

Solution:

When n =1
LHS.=123=6

_ 1 1234
RHs. = 211+ D1+2)(1+3) = : =6

- P(1) 1s true
Let us assume that P(K) is true

1.e.1.23+234+345+......... + K(K+1)(K+2) :%K(K+1)(K+2)(K+3)

Adding (K +1)(K +2)(K +3) on both sides, we get

1.234+234+345+ .. ...+ KK+ DK +2)+ (K+ DK+ 2)(K +3)
=iK(K+1)(K+2)(K+3)+(K+1)(K+2)(K+3)

_ KK+ DK +2)(K+3)+ 4K+ 1)K +2)(K +3)
4
_(K+D)(K+2)(K+3)(K+4)
4

- P(K +1)is true if P(K) is true
Hence, by the principle of mathematical induction, P(n) is true Vne N

(xiii) PP+3* 45+, +(2n-17°= % n(2n—-1)2n+1)

Solution:

Let P(n): 1> +3*+5" +.oovvvene. +(2n-1y :%n(2n—1)(2n+1)

When n =1
LHS.=1"=1

R.H.S.Z%.l.(Z—l)(Zle)=1 = LHS.

- P(1) is true
Let us assume that P(K) is true
112 +32 4524 oo+ 2K = 1)2 = §K(2K ~1)(2K + 1)

Adding (2K +1)* on both sides, we get,
P+3+5 4. +(2K -1’ + (2K +1)° =%(21<—1)(21<+1)+(21<+1)2

_KQK-DQK+D)+3.2K + 1)°
3
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_ K+ D[2K* - K +3(2K +1)]
3
_QK+DRK+3)(K +1)
3

:%(K+1)[2(K+1)—1][2(K+1)+1]
- P(K +1)1s true if P(K) is true

Hence, by the principle of mathematical induction , P(n) is trueVa e N

. 1 1 1 1 n
xXiv) —+—t——F.n. + =
1.4 47 7.10 (Bn-2)3n+1) 3n+l1
Solution:  Let/P(n): b - - =\
1.4 47 7.10 (Bn-2)(3n+1) 3n+l
When n =1
LHS= L2
14 4
1 1
RHS. = =—=LH.S
3x1+1 4
- P(1) is true

Let us assume that P(K) is true

1 1 K
+_

. + =
1.4 47 17.10 (BK -2)3K +1) 3K +1

Adding !
BK+D)(3BK +4)

on both sides,

1 1 1 1 1
—t——t—+.......

+ -
14 4.7 17.10 GK -2)3K +1) (3K +1)(3K +4)

__ Ko 1
3K+1 BK+1)(3K +4)

3K’ +4K +1
(BK +1)(3K +4)

_ (K+D)(3K +1)
CBK+4)(3K +1)

. K+1
3(K+D)+1

S P(K +1)is true if P(K) 1is true

Hence, by the principle of mathematical induction, P(n) istrue Vne N
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(xv) 2">n
Solution: Let P(n):2" >n
When n =1
2' > 1which is true
- P(1) true
Let us assume that P(K) is true
ie.2">K
=2x25>2K > K +1
=25">K+1
- P(K +1)1s true if P(K) is true

Hence, by the principle of mathematical induction , P(n) is true Vne N

(xvi) 3* -1 is divisible by 4
Solution: Let P(n):3"" —1 is divisible by 4
When n =1
3! —1=3%—1=8,which is divisible by 4
- P(1)is true
Let us assume that P(K) is true for some K of n, then 3** —1 is divisible by 4
-.3*% —1 =4gq , for some integer q.
Now, P(K+1)=3"%"_1
=3** 1
=3"%3" -1
=3*@8+1)-1
=3"%8+3%* -1
=3%8+4q [ 49=3"-1]
=4(3°* 2+ ¢) which is divisible by 4.
- P(K +1)is true if P(K) is true

Hence, by the principle of mathematical induction , P(n) is true Vne N
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(xviii) 9" —1 is divisible by 8
Solution: Let P(n):9" —1 is divisible by 8
When n =1
9' —1=9-1=8 ,which is divisible by 8
- P(1) is true

Let us assume that P(K) is true
i.e. 9 —1 is divisible by 8,then
9% —1 =8¢ for some integer q.
Now, P(K +1)=9*" -1
=9%9-1
=9%@8+1)-1
=9%8+9"% -1
=9%8+8¢ [-9* —1=8¢]
=8(9" +¢) which is divisible by 8
- P(K +1)is true if P(K) is true
Hence, by the principle of mathematical induction, P(n) is true Vn e N

(xviil) a" —b" is divisible by a—b (a # b)
Solution: Let P(n):a" —b" is divisible by a—b
When n=1,
a' —b' = a—b which is divisible by a-b
P(1)1s true
Let us assume that P(K) is true
i.e. a®b" is divisible by a—b
-.a* b* = (a—b)q for some polynomial q
Now, P(K+1)=a"*"-p*"
=a*a-b"b
=a*a-a"b+a"b-b"b[-a*b+a"bh=0]
=a"(a-b)+b(a* -b")
=a"(a-b)+b.(a-b)q[.a" -b" =(a-b)q]
=(a—b)[a" +b.g]which is divisible by a—b
- P(K +1)is true if P(K) is true

Hence, by the principle of mathematical induction , P(n) is true Vne N
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(xix) x" —1 is divisible by x—1(x #1)

Solution:

When n =1
x' —1=x~—1 which is divisible by x—1
- P(1) 1s true

Let us assume that P(K) is true
i.e.x* —1 is divisible by x—1
. xX =1 = (x—1)q for some polynomial q
Now, P(K+1)=x""-1
=x"x-1
=x"x—x+x-1[c-x+x=0]
=x(x* -1)+x-1
=x(x=Dg+(x-D [ x* -1=(x-1)q]
= (x—1)[xg + 1] which is divisible by x —1.
- P(K +1)is true if P(K) is true.
Hence, by the principle of mathematical induction , P(n) is true Vne N

(xx) @ —b*" is divisible by (a+b), (a #—b)

Solution:

Let P(n):a™ —b*" is divisible by a+b

When n =1
a”' —b*' =a’> —b*> = (a+b)(a—b) which is divisible by a+b
- P(1) s true

Let us assume that P(K) is true

ie. a** —b** is divisible by a+b
s.a’® —b* =(a+b)q for some poly. q
Now, P(K+1)=a"c" —p&

_ 2K+ _prka2
=ata’ -b*p
=a** @’ —~a’* b +a** b’ —b* b’ [-a’* D +a’* b =0]
=a* (@’ -b)+b*(a’* -b°")
=a** (&’ =) +b*(a+b)g [ (a+b)g=a"* —b**]
=a** (a+b)a—b)+b*(a+b)g
=(a+b)[a** (a—b)+b’q]which is divisible by a+b.

- P(K +1)is true if P(K) is true

Hence, by the principle of mathematical induction , P(n) is true Vne N
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(xxi) a®*' +b>" is divisible by a+b,(a # —b)
Solution: Let P(n):a™" +b*"" is divisible by a+b
When n=1

a2.1+1 +b2.1+1 — a3 +b3

=(a+b)(a’ —ab+b*)which is divisible by a+b
- P(1) 1s true

Let us assume that P(K)is true

ie. a* +b**" is divisible by a+b

2K+1 2K+1
+b

S.a = (a +b)q for some poly. q

Now. 2K+ | p2K+D+
b

2K+3 2K+3
=a"""+p""

=a”*a® + b b’
=@ —a* " b + D+ B [ =at T B+ a T B = 0]
=a’*"(a’ -b*)+b’ (@’ + )
=a*"(a+b)a—-b)+b* (a+b)q[.a™*" +b*" =(a+b)q]
= (a+b)[a**" (a—b)+b’q] which is divisible by a+b
- P(K +1)is true if P(K) is true

Hence, by the principle of mathematical induction, P(n) is true Vne N

1 n
(xxii) (1+—j <n+l
n

1 1
Solution: Let P(n): (1 + —j <n+l
n
When n=1

1 1
(HIJ <1+1

= 2 <2 which is true
. P(1) 1s trueLet us assume that P(K) is true

1 K
i.e.(1+—j <K+1
K
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1 K+1 1 K 1
=1+ 1+
K+1 K +1 K+1
1)" K+1+1 1 1
+— | . - <—
K K+1 K+1 K

K
S(K+1).§+f{:(l+%j SK+1}
+

<K+2
<(K+1D)+1

1 K+1
.'.(1+ j <(K+1D)+1
K+1

.. P(K +1)is true if P(K)is true.
Hence, by the principle of mathematical induction, P(n) is true Vne N
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