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CHAPTER 2
SEQUENCES, A.P., G.P. and H.P.

A sequence is an arrangement of numbers in a definite order according to
some rules.

Eg :-2,4,6,8,........... 1S a sequence.

A sequence is said to be finite if the number of its elements is finite, otherwise
it is said to be infinite.

. ) k . .
A finite sequence a,,4,,d,,......,a, is denoted by {an} _,and an infinite

sequence a,,d,,d,........ ,a, 1s denoted by {an}anzl or simply by {an} ,

......

where a, is the n” term of the sequence.

Arithmetic Progression (A.P.): A sequence {an} is called an arithmetic progression (AP) if there exists a

Notes:

Arithmetic Mean (AM) :

no. d such that @, —a, =d VYn e N. The number d is called the common
difference (c.d.) of the AP.

1) The general term or n” term (a,) of an A.P. whose first term is a

andcommon difference is d.is given by a, =a+(n—1)d

2) Sum of the first n terms (s, ) of an A.P. is given by

n n
S, :5[a+l],or S :5[2a+(n—l)d]

The arithmetic mean (AM) between two numbers a and b is given by

A.M.:%(a+b)

Geometric Progression (GP): The sequence {an} is called a geometric progression (GP) if there exists a

a
non-zero number 7 such that "~ =7 Vne N.
a

n

The number 7 is called the common ratio (c.r.) of the GP.
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.Geometric Mean (G.M.): Ifa, x, b are in GP, then x is the geometric mean between a andb.

". GM between a and b is given by, x =+/ab

1
Harmonic Progression (HP): A sequence {an} is called a harmonic progression if the sequence {—} is

n

1
an AP. i.e. if there exists a number d such that — ——=d,Vne N.
a a

n+l n

Harmonic Mean (HM) :  If H be the harmonic mean between a andb, then a, H, b are in HP and

I 11
consequently —,—,— are in AP.
a Hb

2ab
a+b

HM between a and b =

Relation between AM, G.M. and HM:

S)

)A.M.,G.M. and H.M. are in G.P.

ii)AM > GM > HM (for two uneq%@ﬁﬁtwj\ﬁ(*
o‘@ @
SERIES N g&ﬁ@% i“‘k\ - a“‘?‘
Sum of some important finite serieé‘iﬁie 3 DY o "‘
A ._.;-r ) Gov"
@) 1+243+........ +n= n(n;l}
() DP+2°+3% 4. +n’ = n(n+1)6(2n+1)

2
(i) P+2°+3 +....+n° ={@}

s skoskoskokosk ok
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SOLUTIONS

EXERCISE - 2.1

Q1. Find the first five terms each of the following sequences.
@ {1+(-1)']
Solution: We have, a, = {1 + (-1)"}

Now, a, ={1+(-D'}=1-1=0

a, ={1+(-1y’} =1-1=0

.". The first five terms of the given sequence are 0, 2, 0, 2, 0
.. n—1
(ii) {(—1) }
Solution: We have, a, = {(—I)H}

Now,  a ={(-1)}" =(-1)"=1

.". The first five terms of the given sequence are 1, -1, 1, -1, 1.
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... | 3n—1

iii

( ){n+2}

Solution: We have, a, = {371—1}

Now. a1={3>‘1_1}=3

.. The first five terms of the given sequence are %,%,%,E, 2.
(iv){2n—l}
n
Solution: We have, a, = {271—1}
n
Now, alz{b(l_l}:l:l
1 1
{2x2—1} 3
a2 = = —
2 2
{2x3—1} 5
a3 = ) y—
3 3
{2><4—1} 7
a4 = = —
4 4
{2x5—1} 9
aS = = —
5 5
.". The first five terms of the given sequence arel,%,%,%,%.
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) {2 +3}

Solution: We have, a, = {2" +3}

.". The first five terms of the given sequence are 5, 7, 11, 19, 35.

n+1
(VI){3n—1}

2
Solution: We have, a, = {n +1}

27 +1 5
a2: :—:]_
3x2-1 5

3% +1 105
a3: = —)= —
3x3-1 8
4> +1 17
a4: = —
3x4-1 11
4 - 5% +1 26 13
T 3x5-1) 14 7
.. The first five terms of the given sequence are 1, 1, %,%,g.
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Solution: We have,

(wm{£3¥}

Solution: We have,

Hence, the first five terms of the given sequence are -1

.. The first five terms of the given sequence are 1,
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an= I
(2n—-1)°
U .
Lo@ex1-1)? 1
1 1 1
a2:—2:—2:—
2x2-1? 3 9
1 1 1
a3:—2:_2:_
(2x3-1? 5 25
1 ANy
a4:—2:—2:—
@2x4-17 7° 49
1 11

1D — & N
T o(2x5-1° 9 8l

)
" n!
1
.alz( D =-1
1!
2
E
2! 2!
p— 3 -
BE
3! 3!
_ 4
G
4! 4!
— 5 p—
S
5! 5!

DEPARTMENT OF EDUCATION (S)

1

L1
’25749°81

1 -1 1 -1

21731741 51
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Q2. Find the first four terms of each of the following sequence whose general term is:

n—1

(1)

Solution: We have, a, :n_—l
n
alzﬂzo
1
2—1 1
a2:—:_
2 2
3-1 2
a3:—:_
3 3
4-1 3
a4:—:_
4 4
.. The first four terms are 0, l,%,i )
234
... n+l
i
()n+2
. n+1
Solution: We have, a, =
n+2
NOW, (,leﬂ:g
1+2 3
2+1 3
a2:—:_
2+2 4
3+1 4
a3:—:_
342 5
4+1 5
a4:—:_
4+2 6
.". The first four terms are g,é,i,é .
3456
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Solution: We have, a, :F
1
Then, QIZF:?:l
1 1
R
1 I 1
“S3TE TS
1 1 1
“EF Py
11 1
.". The first four terms are 1,—,—,—.
39 27
|
(iv)—=
n+l1
|
Solution: Here, ars L
n+1
| |
Now, a, A\ L
1+1 2
2! 2!
a2 ==
2+1 3
3! 3!
(13 = =
3+1 4
4! 4!
a4 =
4+1 5
| 1 31 |
.". The first four terms are L,&,i,i 3
2 3 .45

(v) n(n+1)
Solution: We have,

Now,

a, =n(n+1)

a =11+1)=1x2=2
a,=2(2+1)=2x3=6
a, =33+1)=3x4=12
a, =4(4+1)=4x5=20

.. The first four terms are 2, 6, 12, 20.
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(vi) I+ —+—+....... +l
n
. 1
Solution: We have, a, = 1+—+—+....... +—
n
Now, a =1
a2:1+l:E
2 2
1 1 6+3+2 11
a, =lF—+—= =—
2 3 6 6
I 1 1 12+46+4+3 25
@, =AY T ey @4
2 3 12 12
.". The first four terms are I,E,E,2 ]
2 6 12
(vii) Nn—1=+/n
Solution: Here, a, =Jn-1-+n
a, =1-1-1=-1
a,=\N2-1-2=1-2
a,=\V3-1-3=2-3
a, =\J4-1-4=3-2
.". The first four terms are —1,1—\/5,\/5—\/5,\/5—2.
(-1)"
viii) 1—
(viii) >
Solution: Here, a,=1- (_21)
1
Now, a1 103
2 9%
_1)\2
ot CD
2 2 2
3
I
2 2 2
1\
ERCIE
2 2 2
.". The first four terms areé,l,é,l )
2222
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Q3. Find the general term (i.e. the n" term) of each of the following sequences:-
i0,3,8,15, 24, .....

Solution: We have, a, =0= 1’ -1

a,=3=2"-1
a,=8=3"-1
a,=15=4" -1

a, =24=5"—1and so on.

.". The required general term is a, = n’ -1

(ii) 1,iézg .............
2345
Solution: We have, alzlzzxi_1
3 2x2-1
a2:—:
2 2
5 2x3-1
a3:—:
3 3
7 2x4-1
a4:—:
4 4
9 2x5-1
a, =N and so on.
5 5
.". The required general termis a, = 2 -
n
I 111
i) L,—,—,—,—, ...
i) 1 2 4816
Solution: We have, a, =1= %
1 1
a2:§:22—1
1 1
a3:Z:2371
1
4:§:
1

". The required general term is a, =
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(iv) 1,0,1,0,1,0,.....
1+(-D"
Solution: We have, g, :1:%
1+ (-1)*"
0 0= FCD
2
1+ (-1
o =12 FCD
2
1+(-D*"
a,=0= D
2
1+ (=1
a,=1= D and so on
2
Hence, the required general term is a, = >
1357
(V) 29496)8
Solution: We have, q, :l: S
2 2x1
3 2x2-1
a2 =
4 2x2
5 2x3-1
a3 = — =
6 2%x3
7 2x4-
= —F and so on
8 2%
: : 2n—1
Hence, the required general term is a, = >
n
v, L2
416 36 64
Solution: Here, a, :i = 2X1t1
4  4xl1
5 2x2+1
a2 = = 3
16 4x2
7 2x3+1
a,=—= >
36 4x3
9 2x4+1
a,=—= ——and so on
64 4x4
. . 2n+1
Hence, the required general term is a, = e
n

1+(=1)""
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(vii) O i —2 é _—4 ...............
234" 5°
Solution: Here, a, =0=(-1) +%
3
=—=(-1 +—
5= )
-2 1
a,=—=(-1) +=
T3 =1 -
5 s 1
a,=—=(=1)" +—and so on
7. - ke
Hence, the required general term is a, = (=1)" + Z,
1 21 31 4!
(viii) 1—,2—,3—,1, ........
2 5 811
1! 1!
Solution: Here a, =—=
2 3x1-1
2! 2!
a2 = — =
5 3x2-1
- !
a3
8 3x3-1
4! 41
a, =—= and so on
11 3x4-1
!
Hence, the required general term is a, = 3 6 "
n_
-, L L
1.2°23 34 45
. 1 1
Solution: Here a =—7:=
1.2 11+1)
1 1
a2 = =
23 2(12+1))
1 1
a3 = — =
34 3(3+))
1 1
a,=——= and so on
4.5 4(4+1)
1
Hence, the required general term is a, =
n(n+1)
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Q4.

Q5.

x) L1+v/2,42 +3,4/3 ++/4

Solution: Here,

Hence, the required general termis a, =vn—1+ Jn
Find the n™ term of the sequence l,_—l,l,_—l, ......
2 345
) 1 (_1)1+1
Solution: Here, a ===

2 1+1

_1)\2t!
2

3 2+1
_1)\3*!

)

4 3+1

_l (_1)4+1

5 441

n+l
-.n™ term = =D
n+1
_1\o+1 _1\l0
And 9" term = D =( D =i
9+1 10 10

a, =1=+1-1+1

a, =1+2=\2-1+2

FIMAPLHET TE FREMT (T°M)
DEPARTMENT OF EDUCATION (S)

2 Government of Manipur

4, =NT 3 =3T3

a :\/§+\/Z=\/4—1+ 4 and so on.
4

Determine the following sequences:

@{ 1 }
n*+2 .

Solution: Here,

o
a"_n2+2
1
“TPiT3
R
“T 7
11
STy
I
T2 102
11 1

.. The sequence is —,—,—

3°6°11°

hence obtain the 9™ term.
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(i) {31},
Solution: Here, a, = {3n—1}
a, =3x1-1=2
a,=3x2-1=5
a, =3x3-1=38

a,=3x15-1=44
.. The sequence is 2, 5, 8, .......... , 44.
(i) {n(n+2)}",
Solution: Here,

= {n(n + 2)}
{1(1 + 2)} =3

a,
a,
a, ={2x(2+2)} =8
a; ={

= {3x(3+2)} =15

a5, = {50% (50 +2)} = 50 52 = 2600

.. The sequence is 3, 8, 15, ......... , 2600.
1 100
ol
3 : n=l1
Solution: Here, a, = 331
1 1
al = F = I = 1
1 1
)
1 1
G TR
1 1
o0 = W = 373
1 1 1
.. The sequence is 1, 5,3—2, ................ ,3?.
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SOLUTIONS

EXERCISE - 2.2

Find the 15™ and 50™ terms of the AP 1, 3, 5.7.
Solution: Here, a=1,d=3-1=2
so15Mterm = 1+(15-1)2
= 1+28=29
and 50" term = 1+(50 — 1).2
= 1+49x2
= 1498 =99
Find the 21* term of the AP. 7,4, 1,-2, -5, 8, ........
Solution: Here, a=7 and d =4—-7=-3

S2Mterm = 7+ (21-1)(=3)

= 7+20x(=3)

(i) Which term of the AP 1, 4,7, 10, ....... is 55?
Solution: Here, a=1,d =4-1=3
Let 55 be the n™ term of the AP.
n" term = a +(n-1)d
=55=1+(n-1)3
=55=3n-2
= 3n =57
=>n=19

Hence, 55 is the 19" term of the AP.
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(ii) Which term of the AP 3,1—31,2,5 .............. is 9?

Solution: Here, a =3, d=—-3=——=

3 3
Let 9 be the n™ term of the AP.

11, 11-9 2
3

2
S9=3+(n-1)—
(n )3

=27=9+2n-2
= 2n==20
=>n=10
. 9 is the 10™ term of the AP.
Q4. Is 216 a term of the AP., 3,8,13,18, ....... ? If not, find the term nearest to it?
Solution: Here, a=3,d =8-3=5
soa, =216
=3+(n-1)5=216
=5n=216+2

:n:%:43.6

Since, n cannot be fractional, 216 is not a term of the given AP.
Now, the nearest term of the AP is 44" term.
as =a+ (44 -1)d
=3+43X%5
=218
.. Its nearest term is 218.

Q5.  The first term and the common difference of an AP are respectively 39 and -7. Find the 10"

term.
Solution: Here, a =39 and d =-7
a,=a+n-1)d
=39+(10-1)(-7)
=39+9x%x(-7)
=39-63
=24
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Q6.  The first term and 12™ term of an AP are respectively 5 and 49. Find the common difference.
Solution: Here, a =5, a,=49,n=12
Let d be the common difference

Now, a, =5+(12-1)d

=49=5+11d
=11d =44
=d=4

Q7. How many numbers divisible by 15 are there between 20 and 400 ?
Solution: The last term divisible by 15 is 390.
Numbers divisible by 15 between 20 and 400 are 30, 45, 60, 75, ...... , 390.
This is an AP.
Here, a =30, d =15
Let a, =390
=390=30+(n-1)15
=390=30+157n-15
=151 =375
=>n=25

.. There are 25 numbers between 20 and 400 which are divisible by 15.

Q8. If the n™ term of sequence is 3n+4, show that the sequence is an AP.;Hence find'the first term
and common difference.

Solution: Here, n' term = 3n+4

Now, a,=3.1+4=7

a,=32+4=10
a,=33+4=13
a,=34+4=16

Now, 10-7=13-10=16-13=....=3

Since the difference of any two consecutive terms takes in the some order is constant,
the sequence 7, 10, 13, 16, ...... is an A.P.

. first term = 7 and common difference = 3.
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Q9. Find the 25™ term and the common difference of the AP whose n™ term is 4n+1.

Solution: Here, a, =4n+1
Now, ays =4 %25+ 1 =101
Also, a, =4.1+1=5
a,=42+1=9

~ Common difference=a, —a; =9 —-5=4

Q10. The 8™ and 15™ terms of an AP. are 4 and -24 respectively. Find its 12 term.
Solution: Here, a,=4

—a+@8-1)d=4

=a+(15-1)d =-24
—a+l4d=-24 _______________ (2)
Subtracting (1) from (2), we get
7d =-28
=d=—4
Putting the value of d in (1), we get
a+7x(-4)=4
= a=4+28=32
so12Mterm = 32+ (12 -1)(—4)
=32+11x(-4)
=32-44

=-12
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Q11. The 13™ and 22" terms of an AP are respectively 6 and 9, which term is 8?
Solution: Let a be the first term and d be the common difference.

Then, a,=a+(13-1)d
=>6=a+12d ________________ (1)
& a, =a+(22-1)d
=9=a+2ld _______________ (2)
Subtracting (1) from (2), we get
9d =3
1

=d=—
3

Again, from (1), we get

6=a+12><l
3

=6=a+4
=>a=2
Let a, =8

:>8:2+(n—1)><%

___>8:6+n—1
3

=24=n+5

=n=19

.the 19" term is 8.

Q12. The p™ and ¢™ term of an AP are respectively ¢ and p. Find the n™ term.

Solution: Let a be the first term and d be the common difference.
Then, p"term= a+(p—1)d
=>qg=a+(p-)d (1)
& g"term = a + (¢ —1)d
=>p=a+(g=-H)d (2)

Subtracting (1) from (2), we get
p-q=(q-p)
Sg=L"9- 3)
q—p
sonterm = a+(n—1)(=1)
=(p+qg—-1)—n+1 [from (2)]

=p+q-n
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Q13. A sequence {an} is given by a = n’> —1, n e N . Show that it is not an AP.

Solution: Here, a, =n’ —1
Now, a1 —ap, = {(n+1)2 =1} — {(n? — 1}
=n’+2n+1-1-n*+1
= 2n + 1, this is not a constant.
=~ the given equence is not an A. P.

Q14. If a,b,c arein AP, show that
(i) b+c,c+a,a+bare also in AP.
Solution: Since a,b,c are in AP
b=a=c-b
=2b=c+a

Now, (b+c¢),(c+a),(a+b) are in AP.
if(c+a)—(b+c)=(a+b)—(c+a)
ifa—b=b-c
iftb—a=c—b
if2b = ¢ + a which is true.

Hence (b+c¢),(c+a),(a+Db) are in AP.

(i) a’(b+c),b’(c+a),c’(a+b)are also in AP.
Solution: Since a, b, c are in AP.

2b=a+c
a’(b+c),b*(c+a),c’(a+b)arein AP
if B>(c+a)—a’(b+c)=c’(a+b)—b*(c+a)
if b’c+b’a—a’b—a’c=c’a+c’h—b’c—b’a
if ¢(b®> —a’)+ab(b—a)=a(c’ —b*)+bc(c—Db)
if(b—a)(bc+ca+ab)=(c—b)ac+ab+bc)
ifb-a=c-b

= 2b = a + c which is true.

Hence, a’(b+c),b’(c+a),c’(a+b) are in AP.
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1 1 1
(iii) —,—,—are also in AP.

bc ca ab
Solution: Since a,b,c are in AP.
b—a=c-b
=2b=a+c . (1
Now, L,L,i are in AP
bc ca ab
el 1 1 1
ca bc ab ca
ifi - c+a
ca abc
if2abc =c+a
ca
= 2b = ¢+ a which is true by (1)
I\ .
Hence, —,—,— are in AP
bc ca ab

Q15. If x,y,z respectively p”, g",r" terms of an AP. Show that p(y —z)+q(z—x)+r(x—y)=0

Solution: Let a be the first term and d be the common difference.
Now, x=a+(p—-1)d
y=a+(g-1d
z=a+((r-1d
x—y=(p—q)d
y—z=(q-r)
z—x=(r—-p)d
Now, p(y—z)+q(z—x)+r(x—y)
=plg-ryd+q(r—p)d+r(p—q)d
=(pq—pr+qr—qp+rp—rq)d
=0xd
=0
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1 1

are in AP, show that a*,b*,c* are in AP.

Q16. If , ,
b+c c+a a+b
) ) 1 )
Solution: Since , , are in AP.
b+c c+a a+b
1 1 1 1
— = —_—— (D)
c+a b+c a+b c+a
Now, a°,b*,c” are in AP.
ifb> —a* =c’ - b’
if(b—a)b+a)=(c—b)c+b)
ifb—a:c—b
b+c a+b
,f(b+c)—(c+a) (c+a)—(a+b)
1 =
(c+a)b+c) (a+b)(c+a)
1 1 1
if - = - which is true by (1)
cta b+c a+b c+a
Hence, a’,b”,c’ are in AP.
th . 1 1 .
Q17. Ifthen termof3,5,7,9,........... is the same as that of 9, 105,12,135,.....,fmdn.
Solution: By question, we have
th th 1 1
n termof3,5,7,9, ....... =n term of 9, 105,12,135,....

3 1 3
=3+(n-12=9+(n—-1)=>|10--9==
(n—1) (n )2{ 5 2}

:>3+2n_2:M

=22n+1)=3n+15
=4n+2=3n+15

=>n=13
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Q18. The sum of three numbers in AP is 21 and the sum of their squares is 179. Find the numbers.
Solution: Let a—d,a,a+d be the three numbers.

Then, a—d+a+a+d =21
=3a=21
=>a=7

and (a—d) +a’+(a+d) =179
=a’ -2ad+d’+a’ +a’ +2ad +d* =179
=3a’+2d’> =179

=3x7*+2d° =179
=2d’ =179-147

:>d2:£=16
2
=d=14

When d = 4, the three numbers are 3, 7 and 11.

When d = —4, the three numbers are 11, 7 and 3.

Q19. The sum of three numbers in AP is 24 and the product of the two extremes is 55. Find the
numbers.

Solution: Let a—d,a,a+d be the three numbers.
Then, a—d+a+a+d =24
= 3a=24
=>a=38
Now, product of the extremes (a —d) and (a+d) =55

= (a-d)a+d)=55

=a’-d* =55
=64—-d’ =55
=d’ =9
=d=13

When d=3, the three numbers are 5, 8, 11

and when d = —3, the three numbers are 11, 8, 5.
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Q20. The sum of four numbers in AP is 48 and the product of two extremes is 108. Find the

numbers.
Solution: Let a—3d,a—d,a+d and a+3d be the numbers.
By question,
a-3d+a—-d+a+d+a+3d =48
= 4a =48
=a=12

and, (a—3d)(a+3d)=108
=a’ -9d° =108
=12>-9d° =108
= 144-108 =94’

_36_

=d’ 4

5§
When d=2, the four numbers are 6, 10, 14 and 18.
When d=-2, the four numbers are 18, 14, 10 and 6.

Q21. Find the arithmetic mean between
(i) 10 and 20

Solution: AM of 10 and 20 = J0-+29 =15
(11) =5 and 5

Solution: AM.of -5 and 5 = — =0
(111) =5 and 9

Solution: AM. of =5 and 9= ~n =g =2

Q22. Insert
(i) 2 arithmetic means between 2-and 11.

Solution: Let a,,a, be the AM between 2 and 11.
Then, 2,a,,a,,11 are in AP
.. Firstterm =2, n=4
Let d be the common difference
Then, 4" term = 11
=2+M@l-1)d=11
=3d =9
=d=3
.. The means are ¢, =2+3=5&a, =5+3=8.
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(ii) 3 arithmetic means between 6 and 22.
Solution: a,,a,,a, be the AMs between 6 and 22.

Then, 6,q,,4a,,a,,22 are in AP
Let a =first term=6 and d be the common difference.
Now, 5" term = 22

=6+(5-1)d =22

=6+4d =22
:d:E:4
4

.. The three AMs are @, =6+4=10, a, =10+4 =14and a, =14+4=18.

(iii) 4 arithmetic means between 5 and 20.
Solution: Let a,,a,,a,,a, be the four AMs between 5 and 20

Then, 3,q,,a,,a;,a,,20 are in AP.
Let a = first term =5 and d be the C.D.
Now, 6" term =20
= 5+(6-1)d =20
=5d =15
=d=3
soa,=5+3=8,a,=8+3=11, a,=11+3=14,a, =14+3=17.

Hence the four AMs are 8, 11, 14, 17.

(iv) n arithmetic means between 1 and n’.
Solution:  Let @,,d,,d;,eeccc..... ,a,be the n AMs between 1 and n’.
Then, l,a,,a,,.......... ,a, ,n’ are in AP.
Let a = first term=1, and d be the c.d.
Now, (n+2)" term= n’
=1+(n+2=-Dd=n’

=>m+)d=n"-1=(n-1)(n+1)

=>d=n-1
a=l+n-1=n , a,=n+n-1=2n-1 , a,=2n-1+n-1=3n-2
a,=3n-2+n-1=4n-3,......... a, =n"—(n-1)=n>—n+l.

.. The AMs between 1 and n’are n,2n—1,3n—-2,4n—-3,.....n°  —n+1.
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(v) 3 arithmetic means between 2n +1 and 2n —1
Solution: Let a,,a,,a, be the three AMs.
Then, 2n+1,a,,a,,a,,2n—1 are in AP.
Let a =first term=2n + 1 and d be the common difference.
Then, 5" term = 2n—1
=2n+1+(5-1)d =2n-1
=4d =-2
=d= 1
2
Sa, =2n+1)+ (—l) =2n +l
2 2

a, :2n+—+(—%j=2n

*. The three AMs are 2n +5,2n and 2n —%.

Q23. There are n arithmetic means between 4 and 64. If the ratio of the fourth mean to the eight is

7:13, find n.
Solution: Let a be the first term and d be the common difference.

Then, a+(n+2-1)d =64
=>4+ (n+1)d =64

= (n+1)d =60
= 7 60
n+l1
4™ mean is the 5™ term
- 5 term, x, = 4+ (5= 1)—20 =44 3x60
n+1 n+1
And 8"mean, Xy = 4+(9—1)ﬂ:4+ 8x60
n+1 n+1
Then, {4+4X60};{4+SX6°}=7:13
n+1 n+1
A4n+4+4x60 4n+4+8x60
= : =7:13
n+1 n+1
:>4(n+1)+4><60x n+l1 _713
n+1 4(n+1)+8x60

4(n+D)+4x60 7
4n+1)+8x60 13
n+1+60 7

= =
n+1+120 13
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n+6l1 7
= =—
n+121 13
= 13n+793 =7n+847
= 6n=>54
=>n=9

b+c c+a a+b
Ifa+b+c#0 and , ,

a b c

1
are in AP, prove that —,
a

b+c c+a a+b

DEPARTMENT OF EDUCATION (S)

are also in AP.

o | —

1
b,

Solution: Since , , are in AP.
a b G
.cta b+tc_a+b c+a
b a c b
:>a(c+a)—b(b+c)_b(a+b)—c(c+a)
ab bc
ac+a’ b’ —bc _ab+b’—c’ —ac
ab bc
:>(az—b2)+c(a—b)_(bz—c2)+a(b—c)
ab bc
:>(a—b)(a+b+c)_(b—c)(b+c+a)
ab bc
a-b b-c
== 1
ab bc B
Now, l,l,l are in AP.
a b c
gl 1 1.1
b a ¢ b
970 _P7C Chich is true by (1)
ab bc
Hence l,l,l are in AP.
a b c
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Q25. Find the sum of the first

(i) 20 terms of the AP 1,5,9, 13, .....
Solution: Here, a=1,d =4,n =20

.". The required sum = %{2x1+(20—1)4}

=10{2+19x 4}

= 10x {2+ 76}
=780

(ii) 25 terms of the AP. 9,12, 15, 18............
Solution: Here a =9,d =3, n=25

.". The required sum = %{2x9+(25—1)x3}

=§{18+24x3}
2
- Pagim
2
=2x90
2
=1125
(iii) 30 terms of the AP, 12,2,21,2,2, ........
3 33
Solution: Here,azlzzé,d:2—lg: —ézlandn=30
3 3 3 3
30 5 1
S, =—12x=4+(30-1)x—
=15{&+§}
3 3
=15x£
3
=195
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(iv) 40 terms of the AP, 10,8, 6,4, ..........
Solution: Here, a =10, d =2, n=40

40
- Sy =7{2x10+(40—1)(—2)}

= 20{20-78}
— 20x(—58)
=-1160
(v) n term of the AP, 3n,3n-1,3n-2, .......

Solution: Here, a=3n,d =3n-1-3n=-land n=n

S =g[2><3n +(n—1)(-1)]
> g[6n—n+1]

- %[5n+1]

1 1 1
R e

1
Solution: Here, a = ,
1+ \/Z

(vi) n terms of the AP

FREEC NN,

l-a 1+\/Z

1

— 1 -
C(-Na)i+Va) 1+va

_1-(-Ya)
(1=a)(1++/a)

) n 1 Ja
oS, —5{2x1+\/;+(n—1)(1_aﬂ

x ] 2(1-Va)+ (n-1)Va]

| 2-3a+nla|=—"—| (n-3a+2]

" 2(1-a) 2(1-a)
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Q26. Find the sum of the following series:
(i) 5+8+11+.....+47
Solution: Here, a=5,d=8-5=3
Let n be the no. of terms.
Now, a, =47
=a+(n-1)d =47
=5+(n-1)x3=47

= 3n-3=42
4
:>n:—5:15
3
: n
.. Required sum = 5[a+l]
= 1—5[5+47]
2
= 1—5><52
2
=390

(ii) 4+7+10+.....+49

Solution: Here, a=4,d=7—-4=3
Let n be the no. of terms.
Now, a =a+(n-1d

=49 =4+(n-1)x3

=45=3n-3
= 3n =48
=>n=16
.. Required sum = g[a +l]
=%[4+49]
=8x53
= 424
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(iii) 4+8+12+...... +80

Solution: Here, a=4,d =8—-4=4
Let n be the no. of terms.
Now, a, =380

= 4+ (n—1)4 =80

= 4n =280

=>n=20

‘ n

.. Required sum = E[a+l]
- 2014480]
2

=10x84
=840

(iv)(x/§+1)+x/§+(\/§—l)+ ........... +(x/§—14)
Solution: Here, a=~2+1, d =\/§—(\/§+1):—1
Let n be the no. of terms.
Now, a, =\/5—14
=2 +1+(n=1)(-1)=~2-14

=-n+2=-14

= -n=-16
=>n=16
.. Required sum = g[a +l]
= E[x/5+1+«/§—14]
2

8

1

2&—13]
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V) (x=p) + (7 + )+ (x+ Y)Y Fo +(x* +y* +18xy)
Solution:  Here, a=(x—-y),d=x"+y" —(x—y)’
=X+’ —(x* =2xy+?)
= 2xy
Let n be the no. of terms.
Now, a, =x"+y> +18xy
= x-y)  +(m-1D2xy=x"+y’ +18xy
= x"+ 3’ =2xy+2nxy—2xy =x" + y° +18xy
= 2nxy = 22xy
=>n=11

.. Required sum = %[(x — )Y X+’ +18xy]
= %(x2 +9? 2xp+x’ +y° +18xy)

= 1—21<2x2 +2y” +16xy)

=11(x> +y* +8xp)

Q27. (i) How many terms of the AP, 5,9, 13,17, ....... Must be taken so that the sum be 1224?
Solution: Here, a=5,d=9-5=4
Let n be the no. of terms.

Now, Sum= g{Za +(n-— l)d}

:>1224=g{2x5+(n—1)x4}

= 2448 =n(10+4n—-4)

= 2448 = n(4n+6)

= 1224 =2n" +3n

= 2n* +3n-1224=0

= 2n° +51n—-48n—1224=0
= 2n(n—-24)+51(n—-24)=0
= (n-24)2n+51)=0

:>n=24orn:_751

Since number of terms cannot be negative therefore, n = 24 .
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(ii) How many terms of the AP, 3, 8,13, 18, ........ must be taken so that the sum be 1010.
Solution: Let n be the no. of terms so that the sum S =1010. ]
Here, a =3, d =8-3=5

Now, S= §{2a +(n-1d}

:>1010:g{2><3+(n—1)5}

= 2020 =n(6+5n-15)

= 2020 =n(5n+1)

= 51" +n-2020=0

= 51" +101n—100n —2020 =0
= n(5n+101)-20(52+101)=0
= (n—-20)(572+101)=0

101
:>n=200rn=—%

Since n cannot be —ve, therefore n = 20 .

Q28. How many terms of the AP 22, 18, 14, 10, ............... must be taken so that the sum may be 64.
Explain the double answer.
Solution: Here, for the AP 22, 18, 14, 10, .......... Jfirst term,(a) =22 ,c.d.(d) =18 —-22 = —4
Let n be the number of terms so that the sum is 64.
Then, S = 64
n
= E{Za + (n—1)d} = 64
n
= 5{2 x22+(n—-1)(—4)} =64
n
:>§><2{22—2n+2}= 64

= n(24 — 2n) = 64
= 12n—n? =32
>n?2-12n+32=0
>n?2-8n—-4n+32=0
>nn—-8)—-4n—-8)=0
>n-8)n-4)=0
>n=8orn=4%4
Thus, the number of terms to be taken so that the sum is 64 is either 4 or 8.
Now, the sum of 4 additional terms = as + a¢ + a; + ag
=6+2+(-2)+(-6)
= 0.
~ We can take both values of n i.e. 4 and 8 as the sum of 4 additional terms is 0.
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Q29. The 5™ and 11™ terms 01 an AP are 41 and 20 respectively. Find the sum of the first 12 terms.

Solution:

Let a be the first term and d be the common difference.

Now, 5" term= 41
=a+(5-1)d =41
= a+4d =41

& 11" term = 20
— a+(11-1)d =20
=a+10d =20 @)

Subtracting (2) from (1), we get

—6d =21
\
6 2

Substituting the value of d in (1), we get
y/
a+4(——)=41
( 2)

=a=414+14=55
12

2

=6 IIO—E}
2

*. Sum to first 12 terms =

[2 x55+ (12— 1)(—%)}

220—77)

=3x143

=429
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Q30. The 12™ term of an AP=-13 and the sum of the first 4 terms is 24. Find the sum of the first 10

terms.
Solution: Let a be the first term and d be the common difference.
Now, 12" term= —13
= a+(12-1)d=-13
=a+lld=-13 (1)

and 24=g{2a+(4—1)d}

= 24 =2(2a+3d)

=24=4a+6d

=24 =4(-13-11d)+6d [From (1)]
=24 =-52-44d + 6d

= 76 =—-38d
=5 e (2)
and a+11x(-2)=-13 [From (1) & (2)]
=>a-22=-13
=a=9
.. Sum to first 10 terms = %{2x9+ (10—1)(—2)}
= 5{10+9%(-2)}
= 5(18-18)
=0

Q31. The first term of an AP is 7 and the sum of the first 15 terms is 420. Find the\common
difference of the AP.
Solution: Here a = 7 and let d be the common difference.

Now, sum of the first 15 terms =420

:1?5{2x7+(15—1)d}=420

:1?5(14+14d) =420

= 15(7+7d) =420
= 105+105d =420
=105d =315

IEIE

=d= =
105
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Q32. The sum of the first 15 terms and that of the first 22 terms of an AP are 495 and 1034
respectively. Find the sum of the first 18 terms.

Solution: Let a be the first term and d be the common difference.

Now, Sum of the first 15 terms = 495
15
= 7[2(1 +(15 —l)d] =495

= %[261 +14d] =495

=15[a+7d]=495

=a+7d=33 (1)
& Sum of the first 22 terms = 1034
22

= {2a+(22-1)d} =1034

= 112a+21d)=1034

= 2a+21d =94

= 2(33-7d)+21d =94 [From (1)]
= 66—-14d +21d =94

= 7d =28

From (1) and (2), we get
a+7x4=33
=>a=33-28=5

*. Sum of the first 18 terms = %{2x5+(18—1)4}
=9(10+17x4)
= 9(10+ 68)
=9x78

=702
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Q33. The sum of the first 21 terms of an AP is 28 and that of the first 28 terms is 21. Show that one
term of the AP is zero and find the sum of the preceding terms.
Solution: Let a be the first term and d be the common difference.

Now, 28= %[261 +(21-1)d]

jzsz%[zmzo@z]

28x2 8
21 3

= 2a+20d =

and  21= ?[m +(28-1)d|

= 21=14{2a+27d]}

:>2a+27d:% 2)

Subtracting (1) from (2), we get

A

2 3 6 6

=a=3
Now, leta, =0
>a+(n-1)d=0
1

> 3+ (=1 (-¢)=0

= 18—n+1=0
>n=19€eN
Thus, 0 is one of the term of the AP.
Again,the sum of the preceding terms = the sum of the first 18 terms

= ?{Za + (18 — 1)d}

=9{2x3+17x<—%>}

_9{36—17}_3><19
B 6 2
57 1

= =2
2 2
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Q34. The sum of the first 10 terms of an AP is 30 and the sum of the next 10 terms is —170. Find the
sum of the next 10 terms following these.

Solution: Let a be the first term and d be the common difference.

Now, 30= %{261 +(10-1)d}

= 30=5(2a +9d)

=W 9d AV _EN». (1)
& _140:%{2a+(20—1)d)}

= —-140=10(2a +19d)

=2a+19d=-14 _______________ (2)

Now, subtracting (1) from (2) , we get
10d =-20
S)d =%

Putting the value of d in equation (1), we get
2a =6—-{9%x(-2)} =24
=>a=12
Then, 21" term =12+ (21=1)(-2)

=12 -40="-28
10
.. Sum of the next 10 terms = 7{2 x(—28)+ (10— 1)(—2)}

= 5{-56—18}
= 5x(—74)

= -370
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Q35. Find the sum of the lntegers between 21 and 99 divisible by 6.

Solution: The integer divisible by 6 next to 21 is 24 and the integer divisible by 6 just below 94 is 96.
c.a=24, d=06 and the last term = 96

Then,  96=24+(n—1)6

=T72=6n-6
= 6n=78
=n=13
13
. Sum = ?{2x24+(l3—1)6}
= E{48+12><6}
2
= E{48+72}
2
= %x120 780

Q36. Find the AP when the sum to n terms is
(i) n*
Solution: Here, S, =n’
S, = 1’ =1
S, =2* =4and so on.
Let a be the first term and d be the common difference.
Then, S, =a=1
S, =a+(a+d)
=4=1+(1+d)
=>d=2

Hence, the required A.P.is 1,3,5,7,9, .........
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(i) 2n* +5n
Solution:  Here, S, =2n” +5n
S, =2.1"+5.1=2+5=7
S,=22*+5.2=8+10=18and so on.
Let a be the first term and d be the common difference,
Then, S, =a=7
S, =a+(a+d)
=18=T7+7+d

=d=18-14=4

.. The required AP. Is 7, 11, 15, 19,23, ..........

Q37. If the first term of an AP be a, its common difference be 2a and the sum of the first » terms be

/S
S, prove that n =, |—.
a

Solution: Here, a= first term, ¢.d.=2a

Now, Sum of the first #» terms= g{Za +(n—-1)2a}

= %{Za +2an—2ay}
=£x2an
2
=an’ =8
2
Then, E: an_ _ n =n
a a
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Q38. The sum of the first n terms and that of the first m terms of an AP are m and n respectively.
Show that the sum of the first (m + n) terms is —(m +n).
Solution: Let a be the first term and d be the common difference.
Then, S =m

:g{2a+(n—l)d} =m

=2an+nn-0)d =2m (D)
and S =n

:%{2a+(m—l)d}:n

=2am+m(m—-1)d =2n 2)

Subtracting (1) from (2), we get
2a(m—n)+{m(m—1)—n(n—-1)d}d =2n—-2m

:>2a(m—n)+{(m2 —nz)—(m—n)}d:—2(m—n)

=2a+m+n-Hd=-2 ________________ (3)
Now, S, = m+n{2a+(m+n—1)d}
=’";”ca» [by (3)]

S =—(m+n).

m

Q39. If the sum of m terms of an AP be equal to the sum of » terms. Prove that the sum of (m+n)
terms is zero.
Solution: Let a be the first term and d be the common difference.

Then, S =S,

m n
:E[2a+(m—l)d]25[2a+(n—1)d]
:>2a(m—n)+{m(m—l)—n(n—1)}d:O
:>2a(m—n)+{m2—m—n2+n}d20
:>2a(m—n)+{(m2 —nz)—(m—n)}dzo
:>(m—n)[2a+(m+n—1)d]=0

=>2a+(m+n-1)d =0 [vm—n#0]_ . ()
m-+n
S = 2a+ +n—-1)d
man 2 I:(l (m n ) :I
+
=220 [by ()]
2
=0
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Q40. If the p”terms of an AP is — and q™ terms is —, prove that the sum of first pq terms =

q

1

— +1).

5 (pg+1)

Solution: Let a be the first term and d be the c.d.

Then, a =—

and y=—

Subtracting (2) from (1), we get

a+pd—d—(a+qd—d)=é—%

= (p-qrd=L"05q-"

pPq pq
From (1), we get
1 1
a+(p—-)x—=—
pPq9 9

1 p-l_p-prl_ 1
q pq Pq 2]
. pq 1 1
SS = 2><—+(pq—1)><—}
" 2{ Pq Pq
=m{2+pq-1}

=a=

2 Pq

_ pq+1
2

(pg+1)

N | —
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SOLUTIONS
EXERCISE - 2.3

Q1. Find the specified term of the following GP.

(i) 14™ term of 1,1,1,1, ...................
84 2
1 1
Solution: Here, a=—, r = —><§ =2
8 4 1
14" term, a, =ar'’
= lx 83
8
1
— 0"
23
= 2'=1024
(i) 7" term of 81,-27,9,3,...coccovciie.
2 1
Solution: Here, a =81, r = ——7 =—=
81 3

. 7-1
" term,a, = ar

- 81 1
729
_1
9
1
(iii) 10™ term of ——,v/2,2v2,............
J2
Solution: Here, a = \/15 , = I/E =2
b

. 10-1
s 10™m term, a, =ar

FIMAPLHET TE FREMT (T°M)
DEPARTMENT OF EDUCATION (S)
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(iv) 8" term of p°, pq,q’,...........

Solution: Here, a=p*, r= p_? =

7
Ta
5

p

Q2. Find the value of & so that the following may be in GP.
(i) k+1,2k+2,5k-2
Solution: Since (k +1),(2k +2),(5k —2) are in GP,
2k +2)* = (k+1)(5k —2)
= 4k* + 8k +4=5k> -2k +5k -2
= k> +5k+6=0
=k’ -5k-6=0
=k>’-6k+k-6=0
= (k-6)k+1)=0
=k=60or-1
When k = —1, the first term & 2" term are zero.
Hence £k =6.

(i) 3k+1,6k—4,3k-2
Solution: Since 3k +1,6k — 4,3k — 2 are in GP,
S (6k—4) =CBk+1D)(3k=2)
= 36k> — 48k +16 =9k’ — 6k + 3k —2
=27k’ —45k +18=0
=3k -5k+2=0
=k -1D)3Bk-2)=0

:>k=lorg
3

2
When k ==, the 2™ and 3™ terms are zero.

Sk=1.
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(iii) k—1,3k-3,8k -2

Solution: Since k—1,3k—3,8k —2 are in GP,
5 (Bk=3) = (k-1)(8k-2)
= 9k> 18k +9 =8k -2k -8k +2
= k>-8k+7=0
=k -Tk—k+7=0
= (k-T)(k-1)=0
=k=Torl

When k =1, the first and 2™ terms are zero.

Ly

Q3.  The fourth and seventh terms of a GP.are 54 and 1458 respectively. Find the 10™ term.

. 4-1
Solution: Wehave, a,=ar

= 54 = ar’ (1)
& a,=ar’"

= 1458 = a..r° 2)
Dividing (2) by (1), we get

1458  ar’

54 ar’
=27=r
=>r=3

From (1), 54 =ax27
:azz—j:2

. 10-1
o100 term, a,, = ar

=2x3’
=2x19683
=39366
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Q4. (i) Which term of the GP. 9,3, 1, .......... is —?
. 1 th
Solution: Let —— bethen™ term.
243

Then, ar"™ =——

Ry &%
= | — — = =| —
3 9x243 3°x3’ 3

=>n-1=7

=>n=7+1=8

. ——is the 8™ term.
243

(ii) Which term of the GP 32, -16, 8, 4, ........ ,is —7?
. 1 th
Solution: Let — bethen™ term.

Then, ar"t=—

o —sj :
S
(4

=n-1=10
=>n=11

1
Hence, — is the 11"term.

FIMAPLHET TE FREMT (T°M)
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If the sum of three nos. in GP.is 104 and their product is 13824, find the numbers.

a
Solution: Let —, a and ar be the three numbers.
r

a
Then, product = —x axar
r

=13824=4"
=24y =d’
=a=24

& their sum = 104

= atar=104
r

2
a—+ar+ar
T 104
r

= 24+ 24r + 241 =104r

Ny L s 10a 13
r+ri=—r=—o
24" 3

= 3+3r+3r* =13r
=3’ -10r+3=0
=3 -9r—-r+3=0
=3r(r-3)-1(r-3)=0

= (r-3)3r-1)=0

:>r:3orl
3

Hence, the numbers are 8,24, 72 or 72,24, 8 ....

FIMAPLHET TE FREMT (T°M)
DEPARTMENT OF EDUCATION (S)

Government of Manipur
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Divide 42 into three parts which are in GP such that their product is 512.

a
Solution: Let —, a and ar be the three numbers.
r

Then, ﬁ><a><ar=512
r
=aq =512=§
=a=8
& L vatar=42
r

r

2
3 g(ﬂj — 42
r

l+r+r° 42
-
r 8

:>a(1+1+rj:42

= 1+r+r :%

= 4+4r+4r° =21r

= 4r’ —17r+4=0
=41 —16r—r+4=0
= 4r(r-4)-1(r-4)=0

= ((r-4)4r-1)=0
:>r=40rl
4

Hence, the three numbers are 2, 8, 32.
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Solution:

FIMAPLHET TE FREMT (T°M)
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Let a,ar,ar’ be the three parts which are in GP.

Then, a+ar+ar’ =31  ——ooomeeemee (1)
And a’ +a’r’ +a’r* =651 e (i1)
Squaring both sides of (i), we get
a’+a’r’ +a’r' +2a’r +2a°r’ +2a’r* =317
= (@’ +a’r’ +a’r*)+2ar(a+ar+ar’) =961
= 651+ 2arx31=961

= 2x3lar =310

310
= ar =
31x2
:>a=§ ---------------- (ii1)
%X
Using (iii) in (1) we get
§+5+5r:31
r

= 5+5r+5r° =31r

= 5r° =26r+5=0
=5 -25r—-r+5=0
=5r(r-5)-1(r-5)=0

= GBr-1)(r-5=0

=>r= 5

1
5 b

When 7’:%, a =25 and the GP is 25, 5, 1

When r =5, a=1 andthe GPis 1, 5, 25

Hence the three numbers are 1, 5 and 25.
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Q8. Three numbers whose sum is 18 are in AP. when 2, 4, 11 are added to them respectively, the
resulting numbers are in GP. Find the numbers.

Solution: Let a —d,a,a+ d be the three numbers.

Then, a—-d+a+a+d=18
=3a =18
=a=6
And (a—d+2),(a+4),(a+d+11) are in GP

a+4 a+d+11
a—d+2 a+4

6+4 6+d+11
- =
6-d+2 6+4

10 17+d
S—d 10

=136+8d —17d —d* =100
= d>+9d -36=0
=d*+12d -3d -36=0
= (d+12)(d-3)=0
=d =30r-12
.. The three nos. are 3, 6, 9 or 18, 6, -6.

Q9. The product of three numbers in GP is 729'and thesum of.their product in pairs is 819. Find
the numbers.

a .
Solution: Let —,a,ar be the three nos. in GP.

r
a
Then, —xaxar =729
r
=a =9
=a=9
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a a
and —xa+axar+arx—=2819
r r

2
a

= +a’r+a’* =819
r

2 2.2 2
(a+ar +a r):819

r
=a’ (1+7r*+r)=819r

= 1+r+r’ :%

=9+97+97> -91r =0
=9’ -82r+9=0

= 97> -81lr-r+9=0
=>0Or-H(r-9)=0

:r:l,9
9

Hence, the numbers are 1, 9, 81 or 81, 9, 1.

If a,b,c are in GP, show that
() a® +b*,ab+bc,b’ + c*are in GP.
Lo 11T .
(i) ——,—,——areinAP
a+b 2b b+c

Solution: (i) Since a,b,c are in GP

b* =ac = e (1)
Now, a’ +b*,ab +bc,b” + ¢’ are in GP
if(ab+bc)’ =(a’ +b*)(b* +¢%)
ifa’h® +b*c* +2b’ac = a’b’ +a’c’ +b* +b’c’
if2b*ac = a’c® +b’b’
if2b’ac =a’c’ +b’.ac [by (1)]
ifb’ac = a’c’
ifb> = ac which is true by (1)

Hence a* +b*, ab+bc,b* +¢* are in GP.
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(i) Since a,b,c are in GP

1 1
a+b 2b b+c
TN S

2b a+b b+c 2b
ifa+b—2b:2b—b—c

2b(a+b) (b+c)2b
" a—b _ b—c

2b(a+b) (b+c)2b
a-b b-c
a+b b+e
if(a—b)b+c)=(a+b)(b—-c)
ifab+ac—b> —bc =ab—ac+b* —bc
if2ac = 2b°
= b’ = ac which is true by (1)

1 1
a+b’2b b+c

are in AP

if

are in AP.

Hence

11. If a,b,c,d are in GP, prove that
(i) a+b,b+c,c+d arein GP

Solution: Since  a,b,c,d are in GP

ad =bc  —------m---- (1)
P A )
a b ¢
Now, a+b,b+c,c+d arein GP
.b+c c+d
if =
a+b b+c

if(b+c) =(a+b)c+d)
ifb*> + 2bc + ¢’ = ac + ad + bc + bd
ifb> +c¢* +bc = ac+bc+bd [using (1)]
ifb> +¢* =ac+bd
ifac+c* = ac+bd {ézﬁ}
a b

ifc®> = bd which is true by (2)
Hence a+b,b+c,c+d arein GP.
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(i) a* =b*,b> —c*,c* —d’are in GP

b
Solution: Let —= <
a b

d
— =7
c

2 3
b=ar,c=br=ar ,d =cr=ar

Now, a’—b*,b* —c*,c’ —d’* are in GP

b'-c* ¢ -d’

ifa2 S

if(b*> —c’) =(a’ =b°)(c* -d?)
if(a’r’ —a’r*y =(a’ —a’r’Ya’r* —a’r®)
if{azr2 (1 —r’ )}2 =a’(1-r)H)a’r*1-r’)
ifa*r*(1-r*)=a'r*(1-r?) which is true.
Hence, a°-b>,b> —c’,c* —d”* arein GP.
(iii) (a—b)*,(b—c)’,(c—d)’ are in GP
Solution:  Since a,b,c,d are in GP.

b

d
—F—= /A
C

T_§
a b
Sb=ar,c=br=ar’,d =cr=ar’

Now, (a—b)’,(b—c)’,(c—d)’ are in GP.

Lb=cr _(c=dy
(@=b) (b-cy

if(b—c)* =(a—b)(c~d)’

if(ar —ar’)* =(a—ar) (ar’ —ar’)’
it{ar(1-n)} = a*(1-r) {ar* (1-n)
ifa'r*(1-r)* =a>(1-r)Ya’r*(1-r)
ifa*r*(1-r)* =a*r*(1-r)* which is true.

Hence, (a —b)’,(b—c)’,(c —d)*are in GP.
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1 1 1
iv , , are in GP
( )a2+b2 b>+c* c+d’

Solution:  Since a,b,c,d are in GP

o 2 3
b=ar,c=br=ar ,d=cr=ar

1 1 1
Now, , , are in GP
a+b> b+t +d’

1 1 1 1

DEPARTMENT OF EDUCATION (S)

if = = -
b>*+c* a*+b* F+dP b+

a+b’ b+’

if =
b>*+c* I +d’

2 2.2 2.2 2.4
a +ar _ar+ar

i =
22, 2.4 24, 2.6
ar +ar ar +ar

a(1+r)y a'r’(+r’)
ar*(1+r*) a’r'd+r?)

] S
1f—2 =— which is true.
r r

1 1 1 )
Hence —; T PR ) - are in GP.
a +b” b +c" ¢ +d
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Q12. If p”, g", " terms fa GP. are also in GP, show that p,q,r arein AP.
Solution: Let a be the first term and R be the common ratio.
Then, p” term = aR”"
g" term = aR""
r"term = aR"™"
The terms are also in GP.

aR™" aR"
AR gRe

= (Rq—l)Z - Rr—lRp—l

= R2q72 :Rr+p72

=>2q-2=r+p-2

=>2qg=r+p

=q-p=r—¢q

Hence p,q,r are in AP.
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Q13. If a,b,c,d are in GP, show that
(i) (b+c)b+d)=(c+a)c+d)

Solution:  Since a,b,c,d are in GP

=r (common ratio)

b
a

o |

=b=ar,c=br=ar’,d =cr=ar’
Now, (b+c)b+d) = (ar+ar’)(ar+ar’)
= ar(L+r)ar(1+r”)
=a’r1+r)d+r’)

& (c+a)c+d)=(ar’ +a)(ar’ +ar’)
=a(l+r’)ar’(1+r)
=a’r1+rd+r’)

Hence, (b+c)(b+d)=(c+a)(c+d)

(i) (&> +b> + )b’ +c* +d*) = (ab+bc+cd)’

Solution: Since a,b,c,d are in GP
b ¢ d
= —. ——
a b c
=b=ar,c=br=ar’,d =cr=ar’

Now, (@’ +b> +) b +c* +d?)
= (@*+a’r +a’r'Wa’r +a’rt + a’r®)
=a’(1+7* +r)a’r’Q+r +r")

=a‘'r(+r+r*y

2
{azr(l +rt+rt )}
=(@’r+a’r +a’r’y
= (a.ar +ar.ar’ +ar’.ar’)’

= (ab+bc+cd)’

Hence proved.
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(iii) (b—c) +(c—a)’ +(d -b)’ =(a—-d)’
Solution: Since a,b,c,d are in GP

b_c_d
a C

=b=ar,c=br=ar’,d =cr=ar’
Now, @Y e) Bc—a) " d-b)

= (ar—ar’)’ +(ar’ —a)’ +(ar’ —ar)’

a’r’ =2a’r’ +a’r* +a’r* =2a’r* +a’ +a’r® =2a°r* +a’r’

20°r —20°r +24°r" =24 =2a°r +a’r® +a’

a’-2a’r’ +(ar’)’

~{a=(ar)f

= (a~dy
Q14. 1If1,1,3,9 be added respectively to the four terms of an AP, a GP results. Find the four terms
of the AP.
Solution: Let a—d,a,a+d,a+2d be the four terms of the AP.
Then, a—-d+l,a+l,a+d+3,a+2d+9 are in GP.
a+1 a+d+3 a+2d+9
Then, = =
a—d+1 a+1 a+d+3
a+1 a+d+3
Now, =

a-d+1  a+1
=a’ +2a+1=(a’+ad+3a—ad —d’> -3d +a+d+3)

=2a+1=4a-d*-2d+3
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a+l  a+2d+9
a-d+1 a+d+3

=o' +ad+3a+a+d+3=¢"+2ad +9a—-ad —2d* —9d +a+2d +9

=4a+d+3=10a-7d -2d* +9

= 2d’> =6a—8d +6

a+d+3 a+2d+9
a+1 a+d+3

=a'+d*+9+2ad+6d+6a=a’+2ad +9a+a+2d+9
=d’+6d+6a+9=10a+2d +9

=d’+4d —4a=0

From (i) and (i1), we get

2a-2d+2=3a—-4d +3

From (1) and (iii), we get

2a—2d+2=4a—-4d
=>a-d=1
= (2d =1)—d =1 [byusing (iv)]

=d=2

Putting d = 2in(iv), we get

2x2—a=1

=>a=3

.. The required APis 3—2,3,3+2,3+2%x2 i.e.1,3,5,7.
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Q15. If a,b,c bethe p” g", 7" terms both of an AP and of a GP. Show that a6 .c*”" =1

Solution: Since a,b,c are in AP.
b—a=c-b
=2b=a+c e (1)
Again, a,b,c are in GP

b ¢

a b
= b’ =ac
ab—cbc—aca—b 8 ab—c-( /ac)(c—a)ca—b

1 1
b—c.ag(c;a). E(Cfa)'ca—b

C

b46+lc~la lc—laJra—b
25 2 2 2

=a < C

b~l(c+a) l(c+a)—b
=a * c?

=a""c"" [from (i)]

1
Q16. If a,b,c arein GP and a* =b% = c% . Show that x,y,z arein AP.

1 ] 1
Solution: Let a* = b/y = cé =k (say)

=a=k"
b=k’
c=k’

Since a,b,c are GP
b_c
“a b

k¥ k
= —=—

kY K
= k¥ =k*k°
= k2y :kx+z

> y—X=z-Yy

Hence, x, y,z are in AP.
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Q17. Find the Geometric mean between
(i) 3 and 27

Solution: GM between 3 and 27 =4/3x27

=/81=9

(if) V2 and 82

Solution: GM between \/5 and 8\/5 = \/\/5 X 8\/5
- J16=4

(iii) % and 125

Solution: GM between % and 125 = %x 125
= J25=5
Q18. Insert (i) 2 geometric means between 2 and %
(ii) 3 geometric means between —— and %

(iii) 3 geometric means between 3 and 48.

(iv) 3 geometric means between —2and ——.

(v) 5 geometric means between 8 and —

1

(vi) 3 geometric means between aand —.
a

Solution: (1) Let Xx,,x, be the two geometric means.

1
Then, 2,x,x2,z are in GP.

Here, a =2 &4thterm=i
= 27! —l
4
:>r3:l
8
1
=r=—
2
X, =2xl:1
2
X, :1><l:l
2 2

". The two geometric means are 1 and —.
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(1) Let X, x, be the two geometric means.

1 9
Then, —g,xl,xz,g are in GP.

3 8 3
SN
3
3 9x3 3°
=>r =— e
8 2
3
=r=-=
2
Hence, the two GMs are —lx(—é) :land l><_—3 = —3.
3 27 2 2 2 4

(1i1) Let x,x,,x, be the three GMs
Then, 3,x,,X,,X,,48 are in GP
Sa=3and48 =3 xr""

= 48 =3xr*
=rt=16=2*
=r=2

SoXx, =3x2=6,x,=6x2=12, x, =12x2=24
.". The three GMs are 6, 12, 24.
(iv) Letx,x,,x, be the GMs

-1 .
Then, -2, xl,xz,x3,§ are in GP

1
so——=(=2)r"
g~ (2
= ——=(=2)r"
s 1 1
=>r=—=—
16 2*
1
=>r=—
2
x1=—2><l:—1
2
x2:—l><l:—l
2 2
1 1 1
x3:——x—:—
2 2 4

1 1
Hence, the three GMs. are —1, —5, —Z.
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(v) Let x,,x,,X;,X,,X; be the five GMs

Then, 8,x1,x2,x3,x4,x5,é are in GP.
8’/771_1
8
:>8r6:l
8
P | 1
= r =  — a
64 2
1
=r=—
2
1
X, =8x—=4,x,=4x—-=2, x, =2x—-=1
2 2
I 1 I 1 1
x4:1x—:—’x5:—x—:—
2 2 2 2 4
1 1
.. The five GMs. are 4,2, 1, —, —.
2 4

(vi) Letx,X,,X, be the three GMs.

Then, a,x,,x,,x,,— are in GP
a

1 -
_:ar51
a
1
= —=qr
a
1
37"4 =—
a
1
===
a
|
=>r=—
Ja

1 1
SoX, =aX——=+a, X :w/ax_zl,x =]x— =
1 va i a ’ Ja

Ja

Hence, the three GMs are \/Z , 1,

b
N

1

DEPARTMENT OF EDUCATION (S)

1
Ja
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Q19. The arithmetic mean between two number is 15 and their geometric mean is 9. Find the

numbers.

Solution: Let a andb be the two numbers.

Then, AM=a+b
2
:15:a+b
=>a+b=30 -
& GM =+Jab
= 9=1/ab
= ab =81

= (30-5b)b =81 [using(i)]

= 30h-b* =81

=b’-30b+81=0

= b’ -27b-3b+81=0

= (b-27)(b-3)=0

=b=3,27

.. When b=3,a=27 and when b=27, a =3.

Hence the two nos. are 3 and 27.

Q20. If a be the arithmetic mean between b.and ¢ and. p, g be'the geometric mean between them,

show that p’ +¢° =2abc.

b+
Solution: AM. betweenb and ¢ = ¢

b+c )
j— =
a=— (1)

& sinceb, p,q,c are in GP

s.pi=bg, q° = pc and bc = pq

Page | 63



FIMAPLHET TE FREMT (T°M)
DEPARTMENT OF EDUCATION (S)

Government of Manipur

Now, pP’+q =pp+qq

= bg.p+ pc.q

= pq(b+c)

= bcx2a [From (i) & (ii)]
= 2abc

Q21. If a,b,c be in GP and x,y be the arithmetic means between a,b and b,c respectively, show
1 1 2 _a c

that i) —+—=— (i) —+—=2

X X W

Solution: (i) Since a,b,c are in GP.

b_c¢
a b
= b’ ElGca—=,] .~ - @)
& x_a+b’y:b+c
' 2
_+l \ 1 N 1
X y a+b b+c
2 2
- 2 2
at+tb b+c
_2(b+c)+2(a+b)
(a+b)b+c)
2(a+2b+c)

- ab+ac+b* +bc

_ 2(a:r2b:rc) (o b = ac]
ab+b" +b" +bc

_ 2(a+2b+c)
b(a+2b+c)

S o
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a N c
y a+b b+c
2 2

2a 2¢
+
at+b b+c

_ 2a(b+c)+2c(a+b)
(a+b)b+c)

_ 2(ab+ac+ca+bc)
ab+ac+b’ +bc

=2(ab+ac+ac+bc) -
(ab+ac+ac+bc)

b> =ac]

=2

Q22. Prove that the product of n geometric means between a&bis (ab)% .

Solution: Let ar,ar’,ar,......... ,ar" be the geometric means between a and b.
Then, b=ar"?" =a""
Now, Product of n geometric means = ar.ar’.ar’........... ,ar"
— anr1+2+3+....+n

n(n+l)

=

_ (azrnﬂ )5
= (a.ar”“ )%
= (@b)*  [vb=ar]

Hence proved.
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Q23. Find the sum of the first
(i) 10 terms of the GP 1,2, 4,8, ...........

Solution: Here, a =1, r :%:2 and n =10

_ a(r" -1)

A 1 ['.'r>1]
3 1x (2" -1)
2-1
=2 ¢
=1024-1=1023
.. IN\D*1
(ii) 8 terms of the GP. 1,—,—,—,...........
3927
Solution: Here, a =1 ,r =%, n=_8
a(l1-r%)
1S, = r<l
1 -7 [ ]
8
1(1-0 =
_ 3)__3
1_1 3-1
3 3

_ 3 -1 _ 6560 _ 3280
2x3" 2x2187 2187
(iii) 12 terms of the GP. 8,4, 2, 1, ............

Solution: Here, a =8 | r :gzé&n =12

_a(l ')

LSy =T

[ r< 1]

4096 -1
211
_ 8x4095 _ 4095
2048 256

= 8x
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(iv) 7 terms of the GP. 1, —-3,9,-27,..........

Solution: Here, a =1, r=-3,n=7

a(l-r")
S8, = cr<l
7 1—7" [ ]
7
-G e
1+3 4
_ 1+2187 _ 2188 _ 547
4
(v) 9 terms of the GP 1, —l,l,—l, ..........
24 8
Solution: Here, a =1, r:—%<1, n=9

S.

g &
2

y_[ i
512)  512+1

1+l 512><é
2 2

\ 518’ NITT
256x3 256
. 1 1 1
(vi) n terms of the GP. 1, —,—,—,...........
525125
Solution: Here, a =1,,r=%<1 and n=n
1x 1—(1)
s _a(l—r” _ 5
1-r 1
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(vii) n terms of the GP. 3, —6,12,-24,

Solution: Here, a =3 ,r = —g =-2<1

Q24. (i) How many terms of the GP. 1, 3,9, 27,
3280?
Solution: Let n be the no. of terms of the GP.

Now, a=1,r=3>1

Then, 8, =2 —D
r—1
:3280:1(3 b))

=3280x2=3"-1

=3"=6560+1
= 3" =6561=3"
=>n=_8

FIMAPLHET TE FREMT (T°M)
DEPARTMENT OF EDUCATION (S)
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Must be taken so that their sum is equal to
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1
(ii) How many terms of the GP. 1—,2,3,...... must be taken so that their sum is equal to E ?

Solution: Let n be the no. of terms of the GP.
1 4 2 6 3

Wehave, a=1-=—,r=—=—=—>1
3 3 4 4 2
3
Sn:a(r”—l)
r—1
51G) -
211 3|\2
12 E—l
2
3
211 é_[2j
12 4 1
2
211 3 1 (3)”
—x—x—=| =1 —1
12 4 2 (2

=>n=35
Q25. Find the least value of n, for which
1+3+3" +........ +3">1000
Solution: Here, a=1,r=3>1

n+l _
Now, 2 =D 1600
r—1
n+l _
:>1(3—1)>1000

= 3" ~1>2000

= 3" > 2001
By inspection, the least value of n isgivenbyn+1=7=>n=7—-1=6.

Hence, the least value of n is 6.
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Q26. The 5™ term of a GP is 48 and the 12™ term is 6144. Find the sum of the first 10 terms.

Solution: Let a be the first term and » be the common ratio.
Then, 5" term = 48
= ar' =48 - (1)
& 12" term = 6144
= ar'' = 6144 - (ii)
Dividing (i1) by (i), we get

ar"! _ 6144
art 48

=7 =128=2’
=>r=2

From (i),
ax2' =48

:>a:§:3
16

a(r'’ —1)
r—1
_ 3(2" -1)
2-1
— 3(1024-1)

Hence, S, =

[ r> 1]

=3x1023
=3069

Q27. In a GP, the first term is 5, the last term is 320 and the sum is 635. Find the 4™ term.
Solution: Here, a =5, a, =320

= ar" =320

= 5r"" =320
="' =64
=>r'=064r (1)
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a(r" 1)

Also, S, =
r—1
3635:M
r—1

=127(r—1)=r"-1
—=127r — 127 = 64r — 1 [using (1)]

= 63r=126
=>r=2
co4"term = 5% 2!
= 5x2°
= 5x8=40

Q28. The sum of the first 6 terms of a GP is 9 times the sum of the first 3terms. If the 7™ term be
384, find the sum of the first 10 terms.
Solution: Let a be the first term and » be the common ratio.

Then, S, =9IxS,
pr— 3
:>a(r l)zgxa(r 1)
r=1 r—1
a(rj—l):9
a(r’' —1)
() -r)
>—F=9
r—1
3 3
:>(r 13)(r +1):9
r—1

=7r+1=9

=r=8=2
=>r=2

& ar’ =384
= ax2°=384

= 6(1024—1)
= 6x1023 = 6138
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Q29. The sum of the first 10 terms of a GP is 33 times the sum of the first 5 terms. Find the common

ratio.

Solution:

Let a be the first term and » be the common ratio.

Now,

S, =33x%85,

a(r'’ -1)
r—1

r’—1

r =1

= 33

SN2

r’—1
=r’ +1=33
=r=32=2
=>r=2

=33x

a(r’-1)
r—1

Q30. The first and the last terms of a GP are respectively 3 and 768 and the sum is 1533. Find the

number of terms and the common ratio.

Solution:

Let n be the no. of terms and 7 be the common ratio.

We have, a =3

& ar" =768
=37 =768
="' =256

Also, §, = a(r’ =)

r—1
1533207 =D
r—1

D

=511(r—-1)=r"-1
=511r — 511 = 256r -1

= 255r =510

=>r=2

Again, from (i), = r" =256r

Hence, the no. of terms = 9 and the common ratio is 2.

= 2" =256x2=512=2’

=>n=9

[using (1)]
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Q31. If §,,S,,S, be the sums of the first n terms, 2n terms, 3n terms respectively of a GP. Prove
that

@) S12 +S22 =8,(S,+5,)
(i) Sl (S3 _Sz) = (S1 + Sz )2

Solution: Let a be the first term, » be the common ratio and n be the no. of terms.

Slza(r -1)
r—1
2n_
Szza(r 1)
r—1
3n_
S3:a(r 1)
r—1
-0 [ac*-DT
(i) Now, S12+S22={ar }{” }
r—1 r—1
_ a2(rn_1)2 a2(r2n_1)2
(r=1y’ (r-1y’
a’ [rz" —2r" +1+r*" = 2r*" +1]
\ (r-1
1 ]
= P = =21 42
(r=1)’
&S (5. 4+5) - a(r”—l)_a(rz”—1)+a(r3”—1)
2 3 r=1 | r=1 r—1

_ a(r”—l)_a(rz”—1+r3”—l)}

e r—1
a2
= ( 1)2 I:r4n+r3n_2rn_r3n_r2n+2:|
r_
aZ
_ 4n 2n n
—(r_1)2[r —r"=2r +2]

Hence, S+, =S/(S,+S,).
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s(s,-s,) =4 —1){61(;/3" -1 a(r™ _1)}

r—1 r—1 r—1

_a@ —1){#" —1=r* +1}

r—1 r—1

_a( -1 3 g
(r 1) (r— 1)[ ]

a> (rn o 1)(r3n g an)
(r=1)y°

- 2
") a( -1)
4S8y -|% =D
an (1 2) A 1

B n 2n 2
la(" =1-r"+1)
r—1

2
a2 |:rn _7"2"]

(r=1y

- 1y’ [ra=r]

Nz 1) [(r ~1)(-r")]’

= a2
(=1’

_ az(rn _1)(7_3:1 _r2n)
(r=1y

(rn A2 1)2 r2n

Hence, S,(S,-S,)=(S, - Sz)z
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SOLUTIONS
EXERCISE -2.4

Q1. Find the specified term of each of the following HP.
(i) 10™ term of l,l,l,L
4710
Solution: Let a be the first term and d be the common difference of the AP corresponding to the given HP.
Then, a=1,d=4-1=3
. 10" term of the corresponding AP=1+(10—1)3
=1+9x3
=28

1
. The 10" term of the HP is %

(ii) 5™ Term of 3,1,g ............
4 2

Solution: Let a be the first term and d be the common difference of the AP corresponding to the given HP.

Then, Cl:i’ d:l—i:_l
3 3 3

. 5™ term of the AP = a+(5-1)d

- The 5™ term of the HP does not exists for the reciprocal of 0 is not defined.

(iii) 6™ term of 3, 1%,1, .................

Solution: The corresponding AP is %,%,1, ,,,,,,,,,,,,,
Then, a :l, d :Z_l:l
3 3 3 3
th 1 1
.. 6" term of the AP =§+(6—1)§
1 5
= _+_
3 3
_5_,
3

1
. 6™ term of the HP= 5
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(iv) 20™ term of 1, 1%,4,

2

5
Solution: The corresponding AP is 1, g

Then, a =1, a’zé—l:_—3
8 8

. 20" term of the AP =1+ (20— 1)(—%j

= 1+19x(—§J
8

. 20" term of the HP = —4&

(v) The n™ term of 112,82,7,5§
3 4 6

Solution: The corresponding AP is

3 416
35°35°7°35
Here,a:i,d:i_izl
35 35 35 35
~.n"term of the AP = a+(n—1)d
3 1
=—+m-1)—
35 ( )35
3. n_ 1
35 35 35
=3+n—1
35
:n+2
35
-.n'"™ term of the HP = 35
n+2
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Q2. Find the H.P. whose
. 1 7
(i) 1* term is 3— and 4™ term is 1 —
8 13

Solution: Let a be the first term and d be the common difference of the AP corresponding to the given HP

S N Bt
T2 T2 20 20
8 15
4" term = a + (n—1)d
:>£=E+(4—l)d
20 25
13_8
20 25
N 65-32 3y
100
:>3d:£
100
:>d:£
100
The corresponding AP is i, ﬁ ! ﬁ
25 100 100
Hence the required HP is E,@,@, ......... ie. 1,2E,1£, ..........
8 43 54 8 43 27

1 1
(ii) 4™ term is — and 14™ term is o

Solution: Let a be the first term and d be the c.d. of the corresponding AP.
Then, a, =12
=a+3d =12 - (1)
& a, =42
=a+13d =42 - (i1)
Subtracting (i) from (ii),we get
10d =30
=d=3
From(i), a +3x3 =12
=a=12-9=3
.. The corresponding AP =3, 6,9, 12, 15.

1111 1
Hence, the required HP = —,—, —,—,—,........
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Q3. Find the 19" term of the HP whose 5™ and 10™ terms are _ﬁ and —g respectively.

Solution: Here, 5™ term of the corresponding AP = —

:>a+4a’:—E -
36

& 10™ term of the corresponding AP = =

=a+9d = —ﬁ -
4
Subtracting (ii) from (1), we get
_s /1588
36 4
_ -151+315
36
= -5d = Myl
36 9
=d= —
45

From (i), we get

a+4x(_ﬂj:_ﬂ

45 36
151 164

=4 —
36 45

_ —755+656

180

__ 9 -1

180 20

a,=a+(19-1)d

= —£+18x(—ﬂj

20 45
11 82
20 5
—-11-328 339
20 20
. The 19" term of the HP = —ﬂ.
339

FIMAPLHET TE FREMT (T°M)
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(1)

(i)
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Q4. Insert:

1

1
(i) two harmonic means between g and —

81

Solution: Let X, X, be the two harmonic means:

1
Then —,x,,x,,— are in HP
3 81

1 1
..3,—,—,81 are in AP.
xl x2

Let a =3 be the first term and d be the c.d. of the AP.
Now, 81=3+@4-1)d

=81=3+3d

=3d =78

=d =26

= 3+26:29i:29+26=55

2
(ii) Three harmonic means between Zg and 12.
Solution: Let X, X,,X; be the three harmonic means
12 .
Then, —,x,,x,,x,,12 are in HP
5

L2

. ,LL,L,LareinAP
12 x,x, x, 12

Let a= % and d be the c.d. of the AP.
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1 5

Now, —=—+(5-1)d

12 12
I 5

12 12

:>—i:4d
12

Hence, the three harmonic means are 3, 4 and 6.

(iii) four harmonic means between 1 and 6.

Let x,,x,,X,,X, be the four harmonic means.

Then 1, x,,X,,X,,X,,6 are in HP

I 1
—,—,—,—,—arein AP
6

1

Now,  —=1+(6-1)d

:>l:1+5d
6

:>l—1:5d
6

:>—§:5d
6

=>d=—
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1.5

X, 6 6

1.5 1 42

x, 6 6 6 3
121 a1 31

x, 3 6 6 2

1. 31 2 1

x, 6 6 6 3

.". The four harmonic means are ﬁ,i, 2 and 3.

(iv) Three harmonic means between a andb.

Solution: Let X, X,,X; the three harmonic means.

Then, a,x,,X,,X,,b are in HP .

. —,—,—,—,—are in AP.
a x, x, x,

Now, l=l+(5—l)a’
b a
:l—l:4d

b a
a—b:4d
ab
:>d:a_b
4ab

1 1 a-b 4b+a-b a+3b

X, a 4ab ~ dab 4ab

1 _a+3b+a—b_a+3b+a—b_2a+2b_a+b
x, 4ab  4ab 4ab 4ab 2ab

1 _a+b+a—b_2a+2b+a—b_3a+b

x, 2ab 4ab 4ab 4ab

dab 2ab 4ab

.. The three harmonic means are , and
a+3b a+b 3a+b
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Q5.  If the p™ term of an HP be ¢ and the q™ term be p, prove that

(i) (p+q)" term is
pP+q

(ii) n™ term is P4
n

(iii) (pq)” term s 1.

Solution:

(1) Let a be the first term and d be the c.d. of the corresponding AP.

Then, pth term = l
1 )
=a+(p-Dd=— - ()
q
th 1
& q term= —
1 .
=a+(g-Hd=— - (ii)
p

Subtracting (i) from (i), we get

11
(g-1-p+Dd=———
P 9q

=(g-pd=1F
Pq

:>a’:L

Pq

From (i), we get
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(p+q)'term = a+(p+q—1)d
1 1
=—+(p+q-D—
pPq pq
_l+p+g-1
pq

_pPtq
Pq

Pq
pP+q

Hence, (p+¢q)" term of HP =

(ii) n™ term of the AP = a + (n —1)d

= LJr(n—l)L

Pq Pq

B 1+n—1_ n

pq Pq

rq
n

-.n™ term of the HP =

(iii) (pg)" term of the AP =a+ (pq —1)d

1 1
=—+(pg-H—
pq Pq

B 1+pq—1_1
pq

. (pg)" term of the HP = 1
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Q6. If the p™, q™ and r™ terms of the HP be a,b,c respectively, show that
(g—r)bc+(r—p)ca (p—q)ab=0.
Solution: Let A be the first term and D be the c.d. of the corresponding A.P.
Then, p™term = A+ (p —1)D

:>1:A+(p—1)D - ()
a
%:A+(q—l)D - (it)
& LoAr(r-DD - (iif)
c

Multiplying (i) by abc(q —r), (ii) by abc(r — p) and (iii) by abc(p — ¢g) and adding, we get,
(g—r)bc+(r—p)ac+(p—q)ab= A {(q —r)abc+(r— p)abc+(p — q)abc}
+D {abc(q —r)(p-1)+abc(r—p)q—-1)+abc(p—q)(r— 1)}
= A.abc(q—r+r—p+p—q)+Dabc{qp—q—pr+r+rq—r—pq+p+pr—p—qr+q}
= abcAx0+abc.Dx0
0
Q7. If a*,b%,c’ arein AP, prove that b+ c,c +a,a+b are in HP.
Solution: Since a’,b’,c” are in AP,
b*—a’ =c*-b’

1 1 1
Now, , , are in AP
b+c c+a a+b

1_1_1_1
c+a b+c a+b c+a

if

b+c—c—a c+ta—a—-b

if(c+a)(b+c) " (a+b)(c+a)

b-—a c-b
b+c a+b

if(b—a)a+b)=(c—-b)b+c)

if

ifab—a* +b° —ab=bc+c> —b> —bc
ifb* —a® = ¢* —b* which is true
Hence, b+c,c+a,a+b are in HP.
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Q8. If a,b,c bein AP and p,q,r be in HP show that

at+c p+r
bg pr

Solution: Since a,b,c are in AP
b—a=c-b
=2b=a+c - (1)

and p,q,r arein HP

=

2

1
,—are in AP
r

1
p

[by using (1)]
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+b , b+
Q9. If aT,b,Tc be in HP, show that a,b,c are in GP.

2 1

Solution: Since L
a+b b b+c

are in AP

1 2 2 1

Then —— = ——
b a+b b+c b
2 2 2
— = +
b a+b b+c
1 1 1

= +
b a+b b+c

1 b+c+a+b
=>—-—=—
b (a+b)b+c)

1 2b+c+a

=>-—=—
b (a+b)(b+c)

= (a+b)b+c)=2b"+bc+ba

= ab+ac+b* +bc=2b*>+bc+ba

= b’ =ac

b
= —
a

S0

Hence, a,b,c are in GP.

1 1 IngR %
Q10. If a,b,c arein HP, show that —+

a b+c’'h c+a c a+b

Solution: Since a,b,c are in HP.

S l,l,lare in AP.
a b c
1 1 1 1
> ———=———
b a ¢ b
BT S
a ¢ b

—+ are also in HP.
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Now, a(b+c),b(c+a),c(a+b) arein AP
ifb(c+a)—a(b+c)=c(a+b)—b(c+a)
if bc+ba—ab—ac =ca+bc—bc—ab
if bc —ac =ca—ab

if bc + ba = 2ac

; fbc +ba 2ac
abc abc
ifl + l = g which is true by (1)
a c¢
1 1 1 .
Hence, are in HP.

a(b+c) b(c+a)’ c(a+Db)

a+b+c a+b+c a+b+c
a(b+c) b(c+a) cla+b)

are in HP.

a b+c b a+c c a+b
= + \ + , +
alb+c) alb+c) b(c+a) b(c+a) cla+b) c(a+b)

are in HP.

1 1 1 1 1 1 :
= +—, +— + —are in HP
b+c a c+a b a+b ¢

1 1 1 1 1 1 )
= —+ ,—+ ,—+ are in HP.
a b+c b c+a c a+b

Q11. If a,b,c bein AP., b,c,d in GP and c¢,d,e in HP, prove thata,c,e are in GP.
Solution: Since a,b,c are in AP

b—a=c-b

=2b=a+c

_a+c
2

& b,c,d arein GP

=b

=c’ =bd - (ii)
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W=
Also, ¢,d,e are in HP

l,l,lare in AP
c d e
1 1 1 1
= ———=———
d ¢ e d
2 1,1 _cve
d e c¢ ce
g =2 ; (iii)
c+e

From (i), (i) and (iii), we get

2 _ate, 2ce  ce(a+c)
2 c+e cte

e(a+c

o= (a+c)
ct+e

=c’ +ce=e(a+c)

2

c =ae

.. a,c,eare in GP.

Q12. If a,b,c arein GP, show that log_x,log, x,log x arein HP.

Solution: Since a,b,c are in GP

boe
a b

= b’ =ac

= log_ (b*) =log_(ac) [Taking log on both sides]

= 2log b=log a+log, c

= log b—log _a=1log c—log b

= log, a,log_b,log_ carein A.P.

1 1

= , , are in HP.
log_a log b log, c

= log, x,log, x,log, x are in HP.
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Q13. 1If a,b,c arein AP and b,c,d are in HP, prove that ad = bc

Solution: Since a,b,c are in AP,
b—a=c-b
=2b=a+c - (1)

And b,c,d arein HP

l,l l are in AP
bcd
11 1 1
c b d c
b—c c¢-d
bc cd
b—c c¢—d
b d
= bd —cd = bc—bd
= 2bd —cd = bc

= (a+c)d —cd =bc [by (i)]

= ad =bc
Q14. If x,X,,X;5.ccennnne. ,X_are in HP, show that
XX, + XX, i +x,,x, =(n-1xx,.
Solution: Since x,,X,, X, ,..u........ ,Xx arein HP
1 2 3 n
I 1 1 )
T Ty eeeerreranaas —are in AP
xl x2 x3 xn
I 1 1 1 1 1 1 1
— = —=— 5 B...G00 =——-——=d
x2 xl x3 xZ x4 x3 xn xn—l
X1—X Xo—X X3—X. Xn—-1—X
> 22 B8 Mo .= =g
X1X2 X2X3 X3X4 Xn—-1Xn
X =X, +X, =X, +X, — X, +.eeeren +x  —X
L =2 "2 '3 '3 - rl_"" = d [By addendo]
XX, + X)X, + XX, e +x, X,
xl _'xn _ :
= = XX, XX XX, F +x X, - (1)
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Now, L:i+(n—1)d
X

n xl

= L (n=1)d
xn xl

=575 (n-1)d
xlxn

=x, —x, =(n—1)d xxx,

1 (i)
From (i) & (ii), we get,
(n—=1)d x x,x,
7 = XX, F XX, + XX, +Xx X

= XX, XX XX, F e +x, x =(n-1xx,

Q15. If a,b,c,d arein HP, prove that a+d >b+c.

Solution: Since a,b,c,d are in HP,

HM. betweena and c = b

& HM between b and d = ¢

Again, AM between a and ¢ = =

& AM between b and d = B

Now, A.M >H.M.

a+c +

= >bandb

>c

The a+c+b+d

n’

>b+c

a+c+b+d
= — >bh+c

= a+b+c+d>2(b+c)

=a+d>b+c
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Q16. The GM and HM between two numbers are 9 and 25—7 respectively. Find the numbers.

Solution: Let g and b be the two numbers

Then, GM=9
=ab =9
= ab =81 - (1)
gnm= 2"
5
2ab _2
a+b 5
2x81 27
= =—
a+b 5
81x2x5
=>a+b=———
27
=>a+b=30
=>a=30-> - (i1)
From (i) & (ii), we get
(30-b)b =81
= 30b-b* =81

= b>-30b+81=0
= b>—-27b-3b+81=0
— b(b-27)-3(h—27)=0
— (b-27)(b-3)=0
= (b=-3)(b-27)=0
= b=3,27
When =3, a=30-3=27
When p=27, a=30-27=3
. The two numbers are 3 and 27.

Q17. If AM and GM of two positive numbers are 12 and 6.respectively. Find their HM.
Solution: Let a and b be the two positive numbers.
Then, AM =12
a+b
o=
=>a+b=24

& GM= Jab
= 6=+Jab

= ab =136

2ab

a+b

_ 2x36
24

12

HM =

3
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Q18. 1f2*re-e ”Z‘b, a+b=¢ i AP, show that a,b,c, are in HP.
a C

Solution: Since b+c_a, c+a_b, @+b=C i rein AP.

a b c

- a+b+c—2a c+a+b-2b a+b+c-2c

, are in AP
a b c

a+b+c 2a+b+c 2a+b+c

= , , —2arein AP.
a b c
atb+ca+b+ca+b+c .
= ) ) are in AP
a b c
:l,l,lareinAP
a b c

= a,b,c are in HP.

Q19. Which tern of the HP 1, %4,

Solution: We have, the corresponding AP is 1, %

n™ term of the HP= —%

n®term of the AP= —8

:>1+(n—1)(—§j =-8

= (n —1)(—%} =9

:(n—l):—9x(—§j:24

=n=25

Hence —é is the 25" term of the HP.
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Q20. IfA bethe AM and H be the HM between a andb.

Prove that

Solution: We have, A =

Now,

H

a—A
a—H

_ 2ab

a+b

a+b

b—A4

b-H

A
H

a+b a+b
a— b—
2 Y

X

2ab 2ab
a— b—
a+b a+b

2a—a-b 2b—a-b

2 N 9!
a’ +ab-2ab ab+b* -2ab
a+b a+b

a->b a+b b-a a+b
X X

X
2 a’ —ab 2 b* —ab

a—>b a+b b-a a+b
X X X
2 a(a—>b) 2 b(b—a)

(a+b)’
4ab

a+b a+b
X

2 2ab
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SOLUTIONS
EXERCISE 2.5

Find the sum of the following series to » terms.

1. 1+4+7+10+........

Solution: Here, n™ term of the series,t, = 1+ (n — 1)3
=1+3n-3
=3n—2

-. Required sum =)t,
= > (3n-2)
=< 32 n—2n
_ 3n(n+l) )
2
n
=Z[3(n+1)-4
"3 +1)-4]
n
= —(3n-1
" (3n-1)
Q2. 1P+3"+5% 4.
Solution: Here, n'" term of the series, 7, = [1+ (n— 1)2]2

= 2n-1° =4n’ —4n+1

o Required sum = >’ (4n” —4n+1)

4% n* =4y n+n

4 n(n+1)(2n+1)_4 n(n+1)+n
. S 3

_ n_2(n+1)3(2n+1)_2(n+1)+1}

B 2
_ | 2@n +n+2n+l)_2n_2+1}

3

=n_4n2+6n+2—6n—6+3}
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Q3. 1.2+2.3+3.4+........

Solution: We have, t  =[n"termof 1,2,3,......] [n" term of 2, 3, 4, ....... ]

[1+(n—1)x1][2+(n—1)x1:|

n(n+1)=n*+n

. Required sum = Z:(n2 + n)

=>n+>n

_ a(n+D@ntD)  n(ntl)
6 2

3 n(n+1)[2n+l+1}
2 3

:n(n+1)[2n+1+3}
2 3

%(n +1)(2n +4)

%(n +1)(n +2)
Q4. 1.3+3.5+5.7+...........
Solution: Here, ¢, = [nth term of 1,3,5,...... ] [nth term of 3,5,7, ....... ]

=[1+(n=D2][3+(n-1)2]

= 2n-DR2n+1)=4n" -1
S = > (4n” -1)
42142 -n

_ 4n(n+D(2n+1) a
6

%[2(;1 +1)(2n+1)-3]
= 2[4n* +2n+4n+2-3]
3

= —| 4n* +6n-
;’[4 6n-1]
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[n™ term of 1,2,3,......] [n"™ term of 2,3,4,.......

nn+1)?*=n’+2n" +n

S =Y (1’ +2n’ +n)

Zn3 4—22112 +Zn

n(n+1)

+

2 6 2

n(n+1){n(n+l) L 22n+D) +1}
2 2 3

_ n(n+1) [3112 +3n+8n+4+6]
2

6

2 6

_ n(n+1){3n2 +11n+10}

Q6. 1.3 +247+3.5> +..

Solution: Here, 7, S

9%}
I

%(n +1)(3n? +11n+10)

—n(n+1)(n + 2)(3n +5)

[1+(n=DI][3+ (n—-D1]
n(n+2)°
n(n® +4n+4)

n’ +4n’ +4n

D (n' +4n’ +4n)

Zn3 +4Z:n2 +4Zn

4n(n+1)

+

[n(n+1)]2 | Anm+1 @)
6 2

2

n(n+1)] n(n+1) N 42n+1) +4}

2 | 2 3
n(n+1)[ 3n* +3n+16n+8+24}
2 6

2 6

n(n+1)| 3n> +19n+32}

%(n +1)(3n% + 197 +32)
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Q7.
Solution: Here, ¢, = [nth term of 1,3,5,...... ] [nth term of 2,5.8,......... ]2
= [1+(n-D2][2+(n-1)3]
= 2n-D)@Bn-1)
= 2n-1)9n* —6n+1)
=18n®—12n +2n—-9n> +6n—1

=18n3-21n*+8n—-1
Now, S, = Xt,

= 2(18713 —21n? +8n—1)

= 182713 —212712 +82n—n

2
I F [n(n2+ 1)] 3 21.n(n + 1)6(2n +1) N 8'n(n2+ 1) )
| n(n+l)[18n(n+1)_21(2n+1)+8}_n

v 2 3

ZM[9n2+9n—l4n—7+8]—n
2
n
=\ (n+DOn*-5n+1)-2
AGRRL )-2]
=3[9n3—5n2+n+9n2—5n+1—2]
2
n
=§[9n3+4n2—4n—1]

Q8.  1+(143)+(1+3+5)+..........

Solution: Here, ¢, = (1+3+5+./32.. +n)

g[z.n(n—l)z]

2l2+2n-2]
2
Now, S, = Xt,

= Y n?

_ n(n+D(2n+1)
6
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= [1+(n-12]
= (2n-1)°
=8n3—-12n>+6n-1

==Y(8n%—-12n®>+6n-1)
= 82713 —122112 +6Zn—n

p. 8[n(n+1)}2 M D@ntD) | onn+D)
. 6 2

L n(n+1){8n(n+1) _122n+1) +6}_n
2 2 3

=”("—+1)[4n2+4n—8n—4+6]—n
2

= —n(n2+ D [4112 —4n+ 2] -n

= n(n+1)(2n* =2n+1)-n
= n2n’ =2n* +n+2n* -2n+1-1)
= n(2n’ —n)

=n*(2n* -1)

Q10. 1.14+2.3+3.5+............

Solution:

Here, ¢,

= [n" term of 1,2,3,......] [n" term of 1,3,5,......... ]
= [+ m-DI][1+(n-1)2]
=nn-1)

=2n-n

= > (2n* —n)
= 2Zn2 —Zn
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_ n(n +D@2n+1) n(n+l)

QI1.

Solution: Here, 7, =

QI12.

Solution: Here, 1, =

1.3+2.5+3.7+..........

1.2.4+2.3.7+3.4.10+.

n(n+1)

6 2

2

n(n+1)

[202n+1) —1}
3

2

[ 4n+2-3
3

%(n +1)(4n—1)

n(2n+1)

2n* +n

2(2112

+n)

Zan +Zn

i+ DQn+1)  n(n+])

n(n+1)

2

n(n+1)

[1+ (= 1][2+ (n = D[4+ (n—1)3]

n(n+1)(3n+1)

(n* +n)(3n+1)

3n +n? +3n’ +n

3n° +4n* +n
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Solution: Here, 7, =
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> (3n’ +4n® +n)

32113 +4Z:n2 +Zn

{@T +4{n(n+1)6(2n+1)} n(n+1)

n(n+1)

+
2

2

n(n+1)

3n(1; +D 4(2;; +D 1}

@

n(n+1)

[ on? +9n+16n+8+6}
6

2

n

6

[ 9n® +25n +14}

E(n + l)(9n2 +25n+14)
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Q14. 2.4+4.6+6.8+.........
Solution: Here, ¢, = [n" term of 2,4,6,......] [n" term 0f 4,6,8,......... ]

= [2+(n-D2][4+(n-1)72]

= [2+2n-2][4+2n-2]

= 2n(2n+2)

= 4n’ +4n

S, = (40" +4n)
= 42 n + 4211

- 4Xn(n+l)é2n—ll)+4n(1;+l)

_ 4n(n+1) 2n+l+1
2 3

=2n(n + 1)[

2n+1+3]
3

W

n(n+l)(n+2)
Q15. 1.3.5+3.5.7+5.7.9+. .00
Solution: Here, ¢, = [1+(n-1)2][3+(n-1)2][5+(n-1)2]

=2n-D)2n+D(2n+3)

(4n* =1)(2n +3)

8n® +12n* =2n -3

%)
I

> (87" +120% —2n-3)
8> n’ +12) n* =2> n—-3n

_ 8{n(n+1)}2 +12[n(n+l)(2n+l)}_2n(n+l) 3,
2 6 2
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Solution:

Here, t,
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2

_ n(n+1)[8n(n+1)+12(2n+1)_2}_3n
2 3

ZM[4n2+4n+8n+4—2]—3n
2

= M[W +12n+2]-3n
2

see

%[4;13 +12n% +2n+4n* +12n+2]=3n

1[4;13 +16n” +14n+2]-3n
2

n[Zn3 +8n° +7n+1—3]

n(2n® +8n* +Tn—2)

[1+(n=D)1][4+(n-1)1][7+(n—1)1]
n(n+3)(n+06)
(n* +3n)(n+6)

n’ +6n° +3n° +18n

n +9n® +18n

Z(n3 +9n? +18n)

Zn3 +9Zn2 +182n

_ [n(n + 1)}2 L On(n+1)2n+1)  18n(n+1)

2 6 2

_ n(n+1)[n(n+1)+9(2n+l)+18}
3

2 2

n(n+1) [n2+n+12n+6+36]
2 2

%(n +1)(n* +13n+42)

%(n + 1)(n + 6)(n + 7))
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Q17. 1.5.9+2.6.10+3.7.11+.......
Solution: Here, ¢, = [1+(n=D)1][5+(n-1)1][9+(n-1)1]

=nn+4)(n+8)

(n2 +4n)(n +8)
= n’ +8n’ +4n’* +32n

n® +12n* +32n

.8, =Y (n*+12n% +32n)
= Zn3 +12Z:n2 +322n
_ {n(n +1)}2 L L2n(eD@ntl)  32n(n+1)
2 6 2

n(n+1)[ n(n+1) L 1202n+1D) +32}
2 2

n(n-i—l)_n2 +n+16n+8+64}
2 2

_n(n+1) [n2+17n+72]
2 2

= (1 1)(n+8)(n+9)

Q18. 1.2.4+23.5+3.4.6+...........

Solution: Here, ¢, = [1+(n-1)1][2+(n=1)1][4+(n-1)1]
= n(n+1)(n+3)

= (n* +n)(n+3)

n® +3n* +n’ +3n

= n’ +4n* +3n

oS = Z:(n3 +4n’ +3n)

= Zn3 +4Zn2 +3Zn
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_ {n(n + 1)}2 L An(+D@n+1) | 3n(n+1)

2 6 2

_ n(n+l){n(n+l)+4(2n+1)+3}
2 2 3

_n(n+1) [3n2+3n+16n+8+18]
2 6

_n(n+1) [3n2+19n+26]
2 6

= L (n+1))(3n> +6n+13n+26
12

%(n +1)(n+2)(3n +13)

Q19. 1.3.4+24.5+3.4.6+...........
[1+(n=1)1][3+(n=1)1][4+(n-1)1]

=nn+2)(n+3)

Solution: Here, 1,

(n* +2n)(n+3)
= n' +3n* +2n* +6n

= n'+5n* +6n

w8, = Z:(n3 +5n° +6n)
= Zn3 +52n2 +6Zn
_ [n(n + 1)}2 L Sn(ntD@n+1)  6n(n+1)
2 6 2

_ n(n+l)[n(n+l)+5(2n+l)+6}
2 2 3

n(n+1) [3n2+3n+20n+10+36]
2 6

. @[3# +23n+46]
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Q20. 1.3.542.4.6+3.5.7+..c.........

Solution: Here, ¢, = [1+(n-D1][3+(n-1)1][5+(n-1)1]
=nn+2)(n+4)

= (n* +2n)(n+4)

n’ +4n* +2n° +8n
= n’ +6n°+8n
Y = Z(lf + 6n° +8n)

=Yn®+6Y¥n*+8Yn

- {n(n + 1)}2 L 6n(D@2nt)  8n(n+1)
2 6 2

- ”(”“){”(”“) +2(2n+1)+8}
2 2

_ n(n+1) [nz +n+8n+4+16]
2 2

= n(n4+ D [nz +9n+ 20]

- ”(”4+ D 1+ 4)n+5)

P+2° 12+2°+3?

21. 1P+ + F oo,
Q 5 3
P+22+3 4 +n
Solution: Here, ¢, = %
n
_ n(n+D2n+1)

6n

=%[2n2+n+2n+1]

7’12 n
+—+— = —+—+
3 2

N~
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n n 1
Y = —+—+—
! 2(3 2 6}

1 , 1 1
=—>»n"+—) n+—n
32 22 6
_ n(n+1)(2n+l)+n(n+l)+ln
3x6 2x2 6

2 9 2

+—n

6

n(n+1)] 2n+1 1} 1

2 18

B n(n+1)_4n+2+9} 1
= +—n

nn+1)(4n+11) 1
+—n
2 18 6

=%[4n2 +11n + 4n + 11 + 6]

- 3”—6[4;12 +15n+17]

Q22. 1 +(12 +22)+(12 +22 437 4. )+ .......

Solution: Here, ¢, = 1" +2"+3 +....... +n’

=n(n+ 1)(2n+1)
6

l_

(n2 +n)(2n+ 1)]

N =

:(2n3 +n’ +2n + nﬂ

l_

(Zn3 +3n* + n)]
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(13 1, 1)
g Y| =nt+—n*+—n
3 2 6

9%}
I

1 1 1
gzn3 +52n2 +gz}’l

2
_ lin(r+] +lxn(n+l)(2n+l)+lxn(n+l)
3 2 2 6 6 2

— —”(’;; D Tn(n+ 1)+ @n +1) +1]

- n(n+l)[n2+n+2n+l+l]
12

_nm+hr ,

= T[n +3n+2]

_ n(n+Dn+)(n+2)
12

_ n(n+1)’(n+2)
12

3 3 3 3 3 3
Q23. l—+1 2 +1 L .
1 1+2 1+2+3

Solution: Here, 7, =

n(n+1)7T
)
n(n+1)

e
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_ lx n(n+1)(2n+1) +l>< n(n+1)
2 6 2 2

n(n+1) 2n+1+1}
4 3

4 3

_ n(n+1)_2n+1+3}

_ n(n+l)x(2n+4)
4 3

_ n(n+1)(n+2)

P 1P+22 1P+2*+3?
— 4+ + AF coooooo0000000 MW
2 3 4

n(n+1)(2n+1)
6(n+1)

2n* +n

Il

I
3
+

|
=

lx n(n+1)(2n+1) +l>< n(n+1)
3 6 6 2

_ n(n+1) (2n+1j+l
6 3 2

nn+1)4n+2+3
6 6

%(n + l)(4n + 5)
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Q25. 2+(2+5)+(2+5+8)+..... o

Solution: Here, ¢, = 2+5+8+........ to n terms

= g[z.z +(n—1).3]

=%[4+3n—3]

_3y 2,1
2Zn+22n

EX n(n+1)(2n+1)_i_l>< n(n+1)
2 6 2 2

2D o 141]

n(n+1)

[2n + 2]

= %(n+l)2

seskoskok skok
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